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Abstract

We propose an approach for Bayesian inference in time-varying SVARs identified
with sign restrictions. The linchpin of our approach is a class of rotation-invariant
time-varying SVARs in which the prior and posterior densities of any sequence of
structural parameters belonging to the class are invariant to orthogonal transfor-
mations of the sequence. Our methodology is new to the literature. In contrast
to existing algorithms for inference based on sign restrictions, our algorithm is
the first to draw from a uniform distribution over the sequences of orthogonal
matrices given the reduced-form parameters. We illustrate our procedure for in-
ference by analyzing the role played by monetary policy during the latest inflation surge.
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1 Introduction

Structural vector autoregressions (SVARs) featuring time-varying parameters are commonly
used in empirical macroeconomics to study a wide range of classical questions such as the
economic consequences of policy shocks, oil shocks, the feedback between financial markets
and economic activity, and the role played by monetary policy during the Great Inflation.!

This paper contributes to this literature by developing a theory of identification and
algorithms for Bayesian inference in set-identified time-varying SVARs. Our approach
preserves the virtues that popularized set-identified constant parameters SVARs while allowing
for time variation in the structural parameters as in the seminal work of Primiceri (2005).
The latter is critical to capture changes in the transmission mechanism of how variables
respond to the shocks. Our approach builds on the class of time-varying SVARs defined by
Bognanni (2018). The class has two ingredients: a measurement equation linking observed
variables to a sequence of time-dependent structural parameters and a prior over such sequence.
Notably, the prior and posterior densities over sequences of structural parameters of any
model belonging to the class are invariant to orthogonal transformations of the sequences.
Accordingly, we will refer to the members of this class as rotation-invariant time-varying
SVARs. To solve this identification problem, we will use traditional sign restrictions typically
inspired by economic theory and institutional knowledge.

In parallel to the theory of identification in constant parameters SVARs and following
Rothenberg (1971), we define observationally equivalence in time-varying SVARs models
and show that orthogonal transformations of a sequence of structural parameters produce
observationally equivalent sequences of structural parameters. This result allows us to trace
another parallel with the constant parameter case. More specifically, expanding the work
of Uhlig (2005) and Rubio-Ramirez, Waggoner and Zha (2010), we can write sequences
of structural parameters as sequences of orthogonal reduced-form parameters and define
an invertible mapping between them. With this mapping in hand, we demonstrate that

any prior over the time-varying reduced-form parameters combined with an independent

1See for example, Primiceri (2005); Sims and Zha (2006b); Baumeister and Peersman (2013); Galf
and Gambetti (2015); Amir-Ahmadi, Matthes and Wang (2016); Brunnermeier et al. (2021); Hubrich and
Waggoner (2022); Aastveit, Furlanetto and Loria (2023).



uniform prior over the sequences of orthogonal matrices produces an element of the class of
rotation-invariant time-varying SVARs models. This is an important if and only if result
that delineates the scope of our methodology: commonly used modeling choices for the
time-varying reduced-form parameters can be easily adapted for structural analysis—e.g.,
Primiceri (2005) and the dynamic linear models with discounted Wishart stochastic volatility
inspired by Uhlig (1994) and documented in Prado and West (2010); Bognanni (2018). Next,
we describe a particular prior over the time-varying reduced-form parameters exploiting
Archakov and Hansen’s (2021) novel parametrization of correlation matrices. Hence, we refer
to it as Random Correlations prior, demonstrating that it defines an element of the class that
we will call Random Correlations SVAR (RC-SVAR). Our rationale for using the RC-SVAR
is motivated by the insights in Giannone, Lenza and Primiceri (2015) pointing out that a
natural way to determine the impact of priors is to asses their implied marginal likelihood.
Arias, Rubio-Ramirez and Shin (2023) show that for the empirical applications typically
considered, the Random Correlations prior generally means a higher marginal likelihood than
any alternative models. Our algorithm will be described in terms of RC-SVARs. However, it
could be used for any element in the class of rotation-invariant time-varying SVARs induced
by any of the alternative priors over the time-varying reduced-form parameters mentioned
above.

We introduce a Gibbs Sampler algorithm to draw from the posterior distribution of the
Random Correlations SVAR conditional on the sign restrictions. The algorithm adapts the
particle Gibbs with ancestor sampling developed by Lindsten, Jordan and Schon (2014) to
sequentially draw from the posterior distribution over the sequences of structural parameters
conditional on the sign restrictions. Importantly, existing methods consider a uniform
distribution over the sequences of orthogonal matrices conditional on the reduced-form
parameters and the sign restrictions (e.g., Baumeister and Peersman, 2013; Bognanni, 2018;
Debortoli, Gali and Gambetti, 2020). Although this approach makes posterior sampling
straightforward, the priors over time-varying reduced-form parameters and the sequences
of orthogonal matrices are not independent. Consequently, this method generates draws
of structural parameters that do not belong to the class of rotation-invariant time-varying

SVARs.



We illustrate our methods by analyzing the monetary policy tightening cycle that began
on March 16, 2022. Since lift-off, policy discussions have revolved around the effects of
interest rate increases on economic activity and inflation. In particular, there has been an
ongoing debate regarding how much interest rates must increase to achieve this objective. As
Powell (2023) recently noted, doing too little or too much could cause unnecessary harm to
the economy. Motivated by this discussion, we use our methodology to tackle three questions:
(i) How did the Federal Reserve respond to the state of the economy during the current policy
tightening cycle? (ii) How does the Federal Reserve’s performance during the tightening cycle
compare with more Dovish or Hawkish monetary policy stances?; and (iii) Was the Federal
Reserve behind the curve? And, if so, at what cost?

As will become apparent, our methodology provides a new framework for answering these
questions because it can estimate how the Fed reacted to economic conditions, allowing for
the reaction function and the remaining parts of the economy to change over time. This is
important for several reasons. Not only the Federal Reserve has adopted different operating
procedures such as interest rates and non-borrowed reserves targetting, but also the reaction
function may have differed over time within operating procedures (see, e.g., Clarida, Gali
and Gertler, 2000). In addition, certain structural relations in the economy may also have
changed. Our econometric approach provides a helpful setting to discipline the estimation of
the reaction function with a relatively small number of novel time-varying sign restrictions.
This setup allows us to change the identification restrictions across the sample.

We use our estimates to decompose the quarterly average level of the federal funds rate for
each quarter from 2022Q2 until 2023Q2 into three components: the predictable component,
the unpredictable component that can be attributed to non-monetary policy shocks (such as
demand or supply shocks) hitting the economy; and the unpredictable component that can
be attributed to monetary policy shocks. Our estimates suggest that about two thirds of
the unpredictable component was a response to non-monetary policy shocks. The response
to non-monetary policy shocks is due to the systematic part of the monetary policy. Both
systematic monetary policy and monetary policy shocks increased the fed funds rate above
the predicted rate in 2022Q2.

To shed light on the second question, we replay history under two counterfactual simula-



tions that we label Dovish Fed and Hawkish Fed. These simulations allow us to determine
what would have happened if the Fed had been more or less aggressive relative to the reaction
function estimated by our model. In the Dovish (Hawkish) Fed counterfactual, we modify the
reaction function so that the response of the federal funds rate to inflation is half (twice) as
large as the one in the estimated reaction function for the first quarter of 2022. Focusing on
the posterior medians, through the lens of our model, under the Dovish Fed counterfactual, the
economy would have marginally overheated, and inflation would have run persistently above
5 percent. Under the Hawkish Fed counterfactual, inflation would have quickly decreased at
an small cost in terms of economic activity: real GDP in the second quarter of 2023 would
have been about 0.7 percent lower than in the data. Even so, when looking at the level of
output at risk, the lower envelope of the 68 percent probability bands show that the cost in
terms of output could have been as large as 3.1 percent.

Turning to the third question, our model estimates provide support to the view that the
Federal Reserve was behind the curve (see, e.g., Summers, 2021b) in 2021. Notwithstanding,
we also find that the delay in increasing the federal funds rate was not the main driver of
the surge in inflation during 2021. Non-monetary shocks explain the unexpected increase in
inflation during this time.

The structure of the paper is as follows. Section 2 describes a class of rotation-invariant
time-varying SVARs. Section 3 maps such class to orthogonal reduced-form models. Section 4
describes the reduced-form model we will use to illustrate our methodology. Section 5
presents algorithms for inference in rotation-invariant time-varying models identified with
sign restrictions. Section 6 studies the role played by monetary policy during the latest

tightenning cycle. Finally, Section 7 concludes.

2 Rotation-Invariant Time-Varying Structural Models

Consider the general class of time-varying SVARs models defined by Bognanni (2018). Two

elements define the class. First, a measurement equation:

v A =x;Fi+e; with e, ~N(0,,I,) for 1 <t<T, (1)



where y; is an n x 1 vector of endogenous variables, x; = [1 Vi yg_p]l is an m x 1 vector
featuring a constant and lag endogenous variables with m = np + 1, €; is an n x 1 vector
of orthogonal structural shocks, p is the lag length, T" is the sample size, and the initial
conditions, (yg,,¥;_,), are known. The vector €, conditional on time ¢ -1 information,
is Gaussian with mean zero and covariance matrix I,,, the n x n identity matrix. The n xn
matrix A;, which must be invertible, and the m x n matrix F, are the time-varying structural
parameters.

The second element is the law of motion for the time-varying structural parameters:

T
pS((AmFt)tTﬂ | ¢) = HPS (AtuFt | (AjaFj)z'ja ¢)7 (2)

where ¢ denotes the constant parameters controlling the evolution of the time-varying
structural parameters.? We are going to assume that all the elements of the class share the
same measurement equation. Thus, different elements of the class are characterized by a
different law of motion ps((As, Fi)L, | ¢). The theory we develop is valid for the general law
of motion given by Equation (2). To simplify the exposition, all the examples in this paper
will assume that the law of motion is Markov, which means that pg (At, F.|(A;,F; );j, qb) =
ps (A, Fy | Ay 1,Fi 1, ¢). We assume that the law of motion satisfies:

ps((Ae,Fo)iy | @) = ps((Ac Q. Fi Q))ily | 8), (3)

for every sequence of orthogonal matrices (Q,)L, € OI'3 This assumption implies that if
(A, F)L, is any permissible sequence of time-varying structural parameters and (Q,)%,
is any sequence of orthogonal matrices, then (A;Q,,F,Q,)L, is a permissible sequence of

time-varying structural parameters such that Equation (3) holds.*:

*We follow the convention that p (A1, F; | (A, F)9,, ®)=p(A1,F1]| ).

3The notation ©,, denotes the set of all n x n orthogonal matrices and O = [TL, O, the set of all
sequences of n x n orthogonal matrices of length T

“The sequence (A, F;); is permissible if and only if ps((As, Fy)7Z; | @) > 0.

SWhen possible, we will avoid the use of the word sequence to economize language.



The likelihood of the model can be written as:

P((Ye)ir | (Ae Fo)iy, d) = gp(yt | X1, Ay, Fy). (4)

Notice that the likelihood does not depend on ¢. Given our assumption about the shocks, the
distribution of y,, conditional on (x;, A;, F;), is Gaussian with mean x; F; A;' and variance
(A; A))~'. In particular, p(y, | x;, As, F;) can be easily computed.

The parameters of this class of time-varying SVAR models are ((A;,F;)Z,, ¢). Hence,
the law of motion given by Equation (2) can be interpreted as the prior over the time-varying
structural parameters, conditional on ¢.% The prior can be completed by specifying a marginal
prior over the constant parameters, which we will denote p(¢ | 1) where 1) are some fixed
hyperparameters.”

Following Rothenberg (1971), ((Ay, )L, @) and ((A,, F)L,, ¢) will be observationally
equivalent if and only if the likelihoods are equal for almost all (y;)Z, € R*". Because the
likelihood does not depend on ¢, it makes sense to talk about (A, F;)ZL, and (At,Ft)thl
being observationally equivalent. The following proposition, which is a reminiscence of the
constant parameter case, gives a necessary and sufficient condition for the observational

equivalence of (Ay, F)L, and (A, F,)L,.

Proposition 1. The time-varying structural parameters (Ay, F)L, and (At,f‘t)thl are ob-
servationally equivalent if and only if there exists (Q,)L, € O such that (At’ﬁ‘t)z;l =
(At Qt7Ft Qt)zll'

Proof. See Appendix A. m

A similar (but not identical) proposition can be found in Bognanni (2018). In light of
Proposition 1, we can interpret the restriction given by Equation (3) as the necessary and
sufficient condition that forces the prior over the time-varying structural parameters, to be
equal over observationally equivalent time-varying structural parameters. This restriction

ensures that the prior over the time-varying structural parameters, does not affect identification

6The prior over the time-varying structural parameters is always conditional on ¢, hence we will only
write prior over the time-varying structural parameters.
TAt the cost of more complicated notation, we could also consider a prior over ).



and only the identification restrictions influence the posterior distribution of observationally
equivalent time-varying structural parameters. For this reason, we use the term rotation-
invariant time-varying SVARs models to refer to any structural model consistent with
Equations (1)-(3). To solve the identification problem, we will impose sign restrictions on
either the sequence of time-varying structural parameters or some function of them, such as

sequences of time-varying IRFs. These restrictions will be discussed in Section 5.

2.1 Heteroskedastic Structural Shocks

The restrictions in Equation (3) rule out time-varying SVARs with heteroskedastic structural
shocks from belonging to the class of rotation-invariant time-varying SVARs models. Such

models have the following common specification:
ygA = X;F‘{‘é; Wlth ét ~ N(On7\Ilt) for 1 < t < T,

where W, is an n x n time-varying diagonal matrix with positive diagonal, A is a n xn
invertible matrix with ones along the diagonal, and F is an m x n matrix. These models can
be written in terms of the measurement Equation (1) by defining the nxn matrix A; = AW, :
and the m x n matrix F;, =F ¥, : as the time-varying structural parameters.® Liitkepohl and
Netsunajev (2017) describes several ways to model the law of motion of ¥,.” We show that
the priors over the time-varying structural parameters implied by models with heteroskedastic
structural shocks do not satisfy Equation (3).

The restrictions imply that the prior ps((A¢, Fi)L,|¢p) must be zero unless there exists A,
F, and a sequence of diagonal matrices, with positive diagonal, (¥,)L such that (A, F,)L, =
(A \Ilt_%, F \Ilt_% ' . So, for any permissible sequence (A, F,)Z,, A['A, = \I’% \I’t_% must be
diagonal for 2 <t < T. Let (A, Fy)L, = (A \Ilt_%,FlIlt_%)tT:1 be any permissible sequence
and define (Q,)L, so that Q, € O, is not diagonal and Q, = I, for 2 <t < T. The
sequence (A; Q,,F,Q,)L, cannot be permissible because (A; Q;)'(A;Q,) = Q; \111% \Ilt_% is

8For diagonal matrices, 'I’t_% denotes the element by element inverse square root, either positive or
negative, of the elements of ¥,.

9There are also alternative ways of normalizing these models other than fixing the diagonal of A to ones.
These alternative normalizations can also be written in terms of of Equation (1).



not diagonal for 2 <t < T.

Similar arguments show that the restriction given by Equation (3) excludes the models
described in Sentana and Fiorentini (2001); Rigobon (2003); Rigobon and Sack (2003); Lanne
and Lutkepohl (2008); Lanne, Liitkepohl and Maciejowska (2010); Brunnermeier et al. (2021).
At this point, one might wonder if the class of rotation-invariant time-varying SVARs models
is too small to be of practical use. In the next section, we show how to characterize and
easily construct models belonging to the class.

The arguments above highlight the usefulness of considering rotation-invariant time-
varying SVARs models. While heteroskedasticity of the structural shocks can be exploited
for identification, these shocks may not have a meaningful structural economic interpretation
(in fact, Herwartz and Liitkepohl, 2014, try to address this issue). In contrast, using sign
restrictions—inspired by economic theory or institutional knowledge—on either the structural
parameters or some function of the structural parameters, like impulse responses, ensures that
the shocks have a meaningful structural economic interpretation. In addition, the approach
of identification through heteroskedasticity requires constant impulse responses up to scale,
which has been deemed to be a potential Achilles’ heel of the approach, see e.g., Brunnermeier

et al. (2021).

3 Time-Varying Orthogonal Reduced-Form Models

Proposition 1 implies that the measurement equation described in Section 2 can alternatively
be written in terms of what we call the time-varying orthogonal reduced-form parameters.
This parameterization is characterized by a sequence of time-varying reduced-form parameters
and orthogonal matrices (B¢, X, Q,)L, and the measurement equation can be written as

follows:

yi =x;B;+;Q,/h(X¢) for 1<t < T, (5)

where the n x n matrix A(X) is any decomposition of the precision matrix X satisfying
h(X)'h(X) =3X. We will take h to be the Cholesky decomposition, normalized so that the

diagonal is positive, though any differentiable decomposition would do. As in the case of



constant parameters SVARs, the orthogonal reduced-form parameters are convenient for
drawing. The orthogonal reduced-form parameters can be turned into structural parameters
by exploiting the following mapping from the time-varying structural parameters to the

time-varying orthogonal reduced-form parameters:

- I\ — I\ — T
(AL F)L) = (F AT (A AD L R((AAD T AL ), (6)
——
B P Q,
This function is invertible and its inverse is given by:
T

i ((BLZ,Q)E) = (h(Z) 7' Q,, B A, )t:1' (7)

At Ft

Let por((By, 2, Q,)L, | ¢) denote a prior over the time-varying orthogonal reduced-form
parameters, conditional on ¢.!Y The functions defined by Equations (6) and (7) allow us
to transform priors over the time-varying structural parameters into equivalent priors over
the time-varying orthogonal reduced-form parameters and vice versa, but we must take
into account the volume element of the transformations. By Proposition 1 of Arias, Rubio-
Ramirez and Waggoner (2018), the volume element of the mapping given by Equation (6)

n(n+1)

is vy, (A, F)L,) =TI, 27 2 | det(A,)["@m+m+1) and the volume element of the mapping

n(n+l) 2n+m+1

given by Equation (7) is v ((By, 34, Q)LL) =TIL,27 7 |det(X,)|"~"2". Thus, the prior

over the time-varying orthogonal reduced-form parameters induced by pg is:

_2n+m+1
n(n+)T

pon(Be B0 Q)L ) =25 ([T1det(S]) 7 ps(f (B30 Q)E) | 6),

and the prior over the time-varying structural parameters induced by pog is:

n(n+1)T

ps((ACF)L @) =2 ([T1det(A))) " pon( il (AFIE) |6).

The following proposition shows that Equation (3) translates into a restriction on the

10The prior over the time-varying orthogonal reduced-form parameters is always conditional on ¢, hence
we will only write prior over the time-varying orthogonal reduced-form parameters.



prior over the time-varying orthogonal reduced-form parameters.

Proposition 2. The prior over the time-varying structural parameters satisfies Equation (3)
if and only if the induced prior over the time-varying orthogonal reduced-form parameters

does not depend on (Q,)L,.
Proof. See Appendix A. O

The proposition implies that for any prior over the time-varying structural parameters
satisfying Equation (3), the induced prior over the time-varying orthogonal reduced-form
parameters must be independent over (B, 3,)Z, and (Q,)Z,, and the induced prior over
(Q,)L, must be uniform with respect to the volume measure over OI'.'" More importantly,
it also says that any prior over the time-varying orthogonal reduced-form parameters such
that the prior over the orthogonal matrices conditional on the time-varying reduced-form
parameters is uniform induces a prior over the structural parameters that satisfy the restriction
given by Equation (3).'? In other words, any prior over the time-varying orthogonal reduced-

form parameters that can be written as:

pr((Bi, X0, | @)

B 727 :,; =
POR(( ty) <t Qt)t 1 | ¢) Hthl /O(n) 1do(n)Q

induces a prior over the structural parameters that satisfy the restriction given by Equation (3),
where pr((By, )L, | ¢) denotes the prior over the time-varying reduced-form parameters.
Hence, every prior over (By, ¥;)Z, corresponds to an element of the class of rotation-invariant
time-varying SVARs models, and the prior over the time-varying structural parameters

induced by pg is:

yr g T ~@nm) p(r(fu((An FOL)) | 6)
At,FttT- :2(2) det(A, Pr t=1
ps((AnLF)L, | ¢) (Q et(A)]) %1 fogm LdomQ

Y

where 7(-) denotes the projection of (B, ¥;,Q,)L, onto (B, X;)L,. In the next section, we

use the novel parameterization of the correlation matrix described in Archakov and Hansen

1 The proposition generalizes Proposition 4 in Bognanni (2018).
2Furthermore, it is easy to see that in this setup the prior over the time-varying reduced-form parameters
will be Markov if and only if the prior over the time-varying structural parameters is Markov.

10



(2021) to define a prior over the time-varying reduced-form parameters as in Arias, Rubio-
Ramirez and Shin (2023). This prior defines an element of the class of rotation-invariant
time-varying SVARs models.

The above results only depend on the fact that the volume element does not depend on
the sequence of orthogonal matrices. Hence, Proposition 2 will extend to any alternative
parameterization of the class, provided that the volume element does not depend on the
sequence of orthogonal matrices. For example, this would be the case if the measurement

equation were written in terms of impulse responses.

4 Time-Varying Reduced-Form Model

In this section, we describe the prior over the time-varying reduced-form parameters that
will be used in the rest of the paper. It is based on a time-varying extension of the
parameterization for reduced-form variance-covariance matrices proposed by Archakov and
Hansen (2021). Consider the decomposition of the reduced-form variance-covariance matrix
given by X; = D; C; Dy, where D; = diag(diag(Et)%) is the diagonal matrix containing the
standard deviations and C; = D, 'y, D; Lis the correlation matrix.'* We can map ; to
(0:,7:) € R* x R™, where n, = n(n-1)/2, §; = 2log(diag(D,)), and ~; = vecl(log(C,)).*
Clearly, the mapping D; — 9§, is invertible and, by Theorem 1 of Archakov and Hansen
(2021), the mapping C; — =, is also invertible. Thus, we can define an invertible function
gRe((2)L,) = (6,,%)L,, and as a consequence, any law of motion, or equivalently any
prior, defined over (B, d;,7;)L, translates into a prior over the time-varying reduced-form

parameters. Consider the following law of motion for (By, &, 7:)%,:

,Bt = ﬁt—l + Uy, with Vg ~ N (Onm7V@) and ﬁt = VeC(Bt), (8)

515 = 675—1 + U Wlth ne ~ N (Onavé) ) (9)

13The linear operator diag(-), when applied to a vector, denotes the diagonal matrix with the vector along
the diagonal and, when applied to a square matrix, denotes the diagonal of the matrix. The square root is
the element-by-element positive square root.

The linear operator vecl(-) returns the vectorized strictly lower triangular component of a square matrix.
When applied to a vector, the function log(-) denotes the element-by-element logarithm and, when applied to
a square matrix, denotes the matrix logarithm.

11



Ye=Ye-1t Ct7 with Ct ~N (Ona,av’y) ) (10)

where Vg is a symmetric definite positive nm x nm matrix, Vs = diag(Vsy,...,Vsn) is a
diagonal definite positive n x n matrix and V, = diag(V,1,...,V,.,) is a diagonal definite
positive n, x n, matrix. In addition, we assume that B, ~ N(mg,, Vg, ), where mg, is a
nm x 1 vector and Vg, is a symmetric definite positive nm x nm matrix, §; ~ N (mg,, Vs, ),
where my, is an n x 1 vector and Vy, is an n x n diagonal matrix with positive diagonal, and
~v1 ~ N(m,,, V,,), where m,, is an n, x 1 vector and V., is an n, x n, diagonal matrix with

positive diagonal. It is straightforward to see that the constant parameters of the model are:

¢RC = (VeCh(Vﬂ)’ diag(v5)7 diag(Vq), mg,, VeCh(Vﬁl )’ ms,, diag(V51), meq,, diag(v’h ))

nm(nm+1)

nm(nm+1)
2 2

which is a vector of dimension nfi¢ = +n+n, +nm+ +2n + 2n,. Appendix

B describes the prior over ¢fC.
We denote the above prior over (By, 8;, )L, by pB¢((By)L, | o) pRC((ds,vi)L, | ¢7C),
which we call the Random Correlations prior. This prior, via the function ¢f¢ and the

identity mapping, induces a prior over the time-varying reduced-form parameters, denoted

by pEC((By, 0L, | $1C), of the form:

P (B, )y | 979) = p"((Bo)Ey | @) vgre (1)) (9" ((B0)L1) | 07C),  (11)

where the volume element v re ((3;),) can be computed numerically.'?

If we combine this prior over the time-varying reduced-form parameters with the uniform
prior over (Q,)L,, the results of Section 3 imply that the induced prior over the time-varying
structural parameters will satisfy the restrictions given by Equation (3). In particular,

we are going to consider a prior over the time-varying structural parameters, denoted by

15Because ¥, is symmetric, there is an implicit linear restriction on ;. To directly compute the volume
element associated with the function gRC()7 restricted to symmetric matrices, would require Theorem 3, as
opposed to the simpler Theorem 2, of Arias, Rubio-Ramirez and Waggoner (2018). Either approach will give
identical answers, though using Theorem 3 may be more efficient numerically.

12



pgc((At,Ft)le | d)RC), equal to:

n(n+1)T

oy T s pEC (n(fu((An FL1)) | 67)
RO AtaFt th RC =2 2 det At R !
PHO((AL T | 67) (IT1det(A0) T o 1400 Q

(12)
where 7(-) denotes the projection of (B, X, Q,)L, onto (B, 3;),. This prior corresponds
to an element of the class of rotation-invariant time-varying SVARs models that we will call
Random Correlations SVAR (RC-SVAR). Together with a prior over the constant parameters
pfC(pf¢) and the likelihood in Equation (4), our prior over the time-varying structural

parameters implies a posterior over the time-varying structural parameters that we label by

ch((At;Ft);f:p(bRc | (Yt tzl)

4.1 Alternative Time-Varying Reduced-Form Models

Although our algorithms will be written in terms of the RC-SVAR, we could write them in
terms of other class members. For example, we could consider the member corresponding to
the prior over the time-varying reduced-form parameters in Primiceri (2005) which relies on a
decomposition of the reduced-form variance-covariance matrix given by X; = 5; Q; Q;(E;) 1,
where €, is a positive diagonal matrix and E; is a lower triangular matrix with ones along
the diagonal. The prior over (B, E;, )L, defined in Primiceri (2005), that we label by
pP((Bo)L, | ¢P)pP (B, )L, | ¢7), and the invertible function g7 ((X:)L,) = (B, )L,
induce a prior over the time-varying reduced-form parameters denoted by pE((By, X)L, | ¢7),

of the form:

Pr((Be,Z0) L [ ¢7) =" ((Bo)icy [ 07 )vyr (B0)iz)p" (9" (Z0)i%) | 7).

where the volume element v,r((X,;)[;) can be computed numerically. This prior over the
time-varying reduced-form parameters along with the uniform prior over the sequences of
orthogonal matrices induces an alternative prior over the time-varying structural parameters

satisfying the restrictions given by Equation (3). We denote such prior by pL((A4, Fy)L, | @)

13



and it is equal to:

2nem=1) pf(n (fu (A FOL))) | 67)

ps((ALFO)L | @F) = 2n(n+1)T(H|det(At)|) M Joom 1dowm)Q
t=1 Jo(ny 1do(n

Together with a prior over the constant parameters p” (¢*) and the likelihood in Equation (4),
this prior over the time-varying structural parameters implies a posterior over the time-varying
structural parameters that we label by pL((A, Fi)L,, ¢7 | (y,)L,). Since the order of the
variables matters in this framework (see Bognanni, 2018), there are in fact n! different
elements of the class and posteriors, where n is the number of variables.

The fact that Primiceri’s (2005) approach has the unappealing feature of being order-
dependent has motivated a quest for order-independent approaches. In particular, as in
our baseline reduced-form, the prior over the time-varying reduced-form parameters defined
in Bognanni (2018) is order invariant. This approach relays on the discounted Wishart
stochastic volatility model to directly define a prior over the time-varying reduced-form
parameters, that we label by p2W ((By, X,)L, | $P"). When combined with the uniform
prior over the sequences of orthogonal matrices, it implies a prior over the time-varying

structural parameters, denoted by pEW ((A4, Fi)L, | ¢PV), where:

,(2n+m+1)p W(?T(fh(Atth) 1) | ¢DW)
Ht 1 fo(n) ldom)Q

PRV (A TR | @) =275 (T] 1 der(A)])

Together with a prior over the constant parameters p?" (¢P"') and the likelihood in Equa-
tion (4), this prior over the time-varying structural parameters implies a posterior over the
time-varying structural parameters that we label by pE" ((Ay, Fo)E,, PV | (y)L1)-

Our rationale for using the Random Correlations prior is motivated by the insights in
Giannone, Lenza and Primiceri (2015) pointing out that a natural way to determine the
impact of priors is to asses their implied marginal likelihood. For the type of empirical
applications considered below, the Random Correlations prior generally implies a higher
marginal likelihood than any of the orderings of the variables in Primiceri (2005); the
workhorse model in the literature. Although not affected by the order of the variables, the
Drifting SVAR proposed by Bognanni (2018) specification is very restrictive and the implied
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marginal likelihood significantly underperforms our approach.

Finally, as explained in Arias, Rubio-Ramirez and Shin (2022), we could also have followed
Asai and McAleer (2009) and directly imposed a Wishart process-based prior on the dynamics
of the correlation matrix without the need to parameterize it. While the empirical performance
is similar across both procedures, we favor the approach presented here because it preserves
the spirit of the random walk modeling in Primiceri (2005). Chan, Koop and Yu (2021) also

describes a prior over the time-varying reduced-form parameters that could be used.

5 Algorithms

This section presents algorithms to draw from the posterior distribution of rotation-invariant
time-varying SVARs models conditional on sign restrictions. To facilitate the exposition we
will use the RC-SVAR, but our algorithms could be easily adapted for any model of the class
of rotation-invariant time-varying SVARs models and, in particular, to the two alternative
models described in Section 4.1.

We present three algorithms. The first algorithm is straightforward but infeasible for
the sample sizes commonly encountered in empirical macroeconomics unless the identifying
sign restrictions are limited to a few numbers of periods. The second algorithm is typically
employed by current papers. This algorithm is feasible but, unfortunately, we show that it
does not draw from the desired target posterior distribution. The third algorithm draws from
the desired target posterior distribution subject to sign restrictions on an arbitrary number
of periods. Thus, it overcomes the limitations of the two algorithms mentioned above.

Let S;(A¢, F;) be any continuous function whose range is R%, where s, is the number of
sign restrictions at time ¢. We will consider sign restrictions of the form S;(A;,F,) > 0. For
instance, the function S;() could be a collection of impulse responses of various variables to
various shocks at various horizons. While we allow the function to change across ¢, we will
suppress the subscript when the function S;() is identical across t. These are very general
types of sign restrictions, but they do not allow for restrictions to combine information across
different . The advantage of this is that we can determine if the sign restrictions are satisfied

independently across t. Allowing for time-varying sign restrictions is another important
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contribution of our methodology. For example, researchers interested in identifying monetary
policy rules (see, e.g., Christiano, Eichenbaum and Evans, 1996; Arias, Caldara and Rubio-
Ramirez, 2019, among others) typically choose the federal funds rate to be the monetary policy
instrument for the entire sample under analysis. This assumption is questionable because
the funds rate has not always been the policy instrument: the Federal Reserve targeted
non-borrowed reserves during the early years of Volcker’s tenure. As we demonstrate in
Section 6, time-varying sign restrictions would allow these researchers to tackle the challenge
by relaxing the assumption that the federal funds rate is the policy instrument throughout
the entire sample.

We organize the rest of this section in three parts. The first part presents the simple
but limited algorithm. This algorithm will also be useful to establish a connection between
our efficient algorithm and an alternatively importance sampling algorithm that could be
applied in some special cases. The second part describes the current algorithms and shows
that they do not draw from the desired target posterior distribution. The third part develops
an efficient algorithm based on the Gibbs sampler.

5.1 A Simple Algorithm

Because S;() is continuous, the set of all sequences of time-varying structural parameters
satisfying the sign restrictions will be open in the set of all sequences of time-varying structural
parameters. If at least one sequence satisfies the sign restrictions, then the set of sequences
satisfying the sign restrictions will be of positive Lebesgue measure in the set of all sequences.

This justifies algorithms of the following type to accomplish our objective.

Algorithm 1. The following algorithm draws from pE°((A¢, Fy)L,, 7€ | (yi)L;) conditional

on the sign restrictions.
1. Let M >0 and I >1 and set i =1.
2. Draw ((B}, X)), ¢"RC) from the pEC((By, 34)L,, ¢7C | (y1)L,) distribution.

3. Draw sequences (Qim)fz1 independently from the uniform distribution over O for

1<m< M.
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4. Let (A", By, = [N ((BLEL Q™M) for T<m < M.
5 Ifi<I, leti=1+1 and return to Step 2.

6. Keep ((AV", F™L ¢RO) for 1<i<I and 1<m< M, if

S (AI™ F™) >0 for1<t<T.

Step 2 is implemented by drawing ((B, 87, 4/)% |, ¢*EC) from the piC((By, &;,v:)L,, ¢FC |
(y:)L,) density and setting (B}, 3!)Z, equal to (¢R°)-1((B},8!,v{)L,). As mentioned in
Section 4.1, using a different prior over the (B!, X! T allows this algorithm to be used for
rotation-invariant time-varying SVARs models. One could use the prior over the time-varying
reduced-form parameters in either Primiceri (2005) or Bognanni (2018) by simply changing
Step 2 to draw from the distributions over the time-varying reduced-form parameters defined
in those papers.

Algorithm 1 is very easy to implement. Still, unless the identifying sign restrictions are
limited to a few periods, the number of sequences of orthogonal matrices required to get
sufficient draws that satisfy the sign restrictions is computationally infeasible large. To see
this notice that, for every 4, the probability that f, (B!, X, im) satisfies the restrictions
is less than one for 1 <¢ < T. Hence, the probability that f;((Bi, 3¢, Qi™)T ) satisfies the

restrictions converges to zero as T' goes to infinity.

5.2 Current Algorithms

Because of the infeasibility of using Algorithm 1 in most applications of interest, current
algorithms (e.g., Baumeister and Peersman, 2013; Bognanni, 2018; Debortoli, Gali and
Gambetti, 2020) modify Step 3 to draw (Q." M_‘independently from the uniform distribution
uniform over O, (B, ;) = {Q, € 0, : Si( ;' (B, £, Q,)) >0} for 1 <m < M and 1 <t <T.

This is implemented by drawing Q, independently from the uniform distribution over O,, until

one obtains a draw such that Q, € O,,(B;, ¥;), which simplifies computation by generating
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Q, € 0,(By, X;) period by period.'® The current algorithms can be written as follows:

Algorithm 2. The following algorithm draws from Equation (13) conditional on the sign

restrictions.
1. Let I >1 and seti=1.
2. Draw ((B}, X)), ¢"RC) from the pRC((By, 34)E,, ¢7C | (y1)L,) distribution.

3. Draw Q! uniformly from the set O, (B!, X!) = {Qt €0, :S(f'(B, %, Q,)) > 0} for
allt=1,2,....,T. This step can be done by drawing Q, from O,, until finding one that
satisfies §,(f;(BL 55, Q,)) > 0.

4. Let (ALFDL, = £, ((BL 2L Q)LL)
5 Ifi<I, leti=1+1 and return to Step 2.

The computational benefit comes from the conditional nature of the prior distribution
for Q,. However, it has a potentially undesirable implication. For any (B, 3;), the current
algorithms implicitly define a density p(Q, | B¢, 3;) with respect to the volume measure over

0,,(By, %) that is proportional to 1(q,c0,(B,,=/)}:

1 if Q, € 0,(B,%;)
p(Qt | Bta Z)t) = j.@"(Bt*Et) ldo, Q; t

0 otherwise

for 1 <t <T, which demonstrates that current algorithms define a marginal density for the
orthogonal matrices conditional on the reduced-form parameters that is not uniform. To see
that, notice that f@n (B30 ldp, Q, depends on the reduced-form parameters. Thus, current

algorithms draw from:

: (13)

d =) pRC (7 (fu((Ar, F)i))) | #79)
| det(A,)| X
(H ) [T Jo (e (A 10, Qi

160 simplify the exposition, we are assuming that @, (B, ;) # @ for all (B, X;) for 1 <t <T. The same
argument is valid otherwise, although the discussion is more tedious.
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not from the pE¢((A4, Fy)L,, "¢ | (y+)L,) conditional on the sign restrictions. Hence, the
implied prior by the current algorithms does not satisfy Proposition 2, and therefore, the
implied prior does not impose the same prior probability density on the observationally
equivalent path of the structural parameters.

Because Algorithm 2 generates draws from Equation (13) conditional on the sign restric-
tions and our objective is to draw from the pE°((Ay, Fy)L,, 7 | (y:)L,) conditional on the

sign restrictions, one could use importance sampling weights proportional to:

T
e Jou tr(gucanroy 140, Qs
HtT=1 f@n 1d(’)th

to re-sample the outcome of Algorithm 2. However, as explained in Durbin and Koopman
(2012), this is excessively burdensome for the type of values that T takes in empirical

applications.

5.3 A Gibbs Sampler Algorithm

In this section, we present a feasible Gibbs sampler that draws from the desired target
distribution. The key insight is to draw sequentially rather than simultaneously, significantly
improving computational efficiency upon Algorithm 1. Unlike current algorithms, our
algorithm generates posterior draws based on the prior distribution that satisfies the conditions

in Proposition 2. We present the algorithm’s main steps and relegate the details to Appendix C.

Algorithm 3. The following algorithm draws from pE°((A¢, Fy)L,, 7€ | (yi)L;) conditional

on the sign restrictions.

1. Let I>1, seti=1, and initialize (AL, ¢p*"1EC),

2. Draw (Fi)L, from a distribution that is proportional to pE° ((Fy)L; | (AL, ¢'=HEC (v,

3. Draw (ADL, from pEC((A)E, | (F)L,, (AL, ¢ VEC (yi)L,)) conditional on the

sign restrictions.

4. Draw (¢"€) from p§°(¢HC | (AL FDLL (yo)i)-
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5. Ifi< I, leti=1+1 and return to Step 2.

Step 1 is straightforward, (A?)Z can be initialized using a constant parameter SVAR or
using the point-wise mean of draws obtained from the RC-SVAR without sign restrictions,
and ¢%fC¢ can be drawn from the prior defined in Appendix B.

The critical steps of this algorithm are Steps 2 and 3 because the conditional posterior
distribution of F; and A; conditional on the sign restrictions are not conditionally Gaussian
any more. To overcome this difficulty, we rely on simulation smoothers based on sequential
Monte Carlo methods. Importantly, in the case of Step 3, we use the Gibbs Ancestor Sampling
(PGAS) algorithm developed Lindsten, Jordan and Schon (2014). The PGAS algorithm is a
variant of sequential Monte Carlo methods. Importantly, when drawing (A¢)L,, the PGAS
conditions on the previous draw, (Ai™)Z . This ensures that the algorithm has an invariant
property, which is necessary for our algorithm to be valid. We refer the reader to Andrieu,

Doucet and Holenstein (2010) and Lindsten, Jordan and Schon (2014) for details.

6 The Current Monetary Policy Tightening Cycle

This section illustrates our methodology by analyzing the monetary policy tightening cycle
that began on March 16, 2022. Since lift-off, policy discussions have revolved around the
effects of interest rate increases on economic activity and inflation. In particular, there
has been an ongoing debate regarding how much interest rates must increase to achieve
this objective. As Powell (2023) recently noted, doing too little or too much could cause
unnecessary harm to the economy. Motivated by this discussion, we use our methodology to
tackle three questions: (i) How did the Federal Reserve respond to the state of the economy
during the current policy tightening cycle? (ii) How does the Federal Reserve’s performance
during the tightening cycle compare with more Dovish or Hawkish monetary policy stances?;
and (iii) Was the Federal Reserve behind the curve as suggested by Summers (2021b)? And,

if so, at what cost?
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6.1 Data and Model Specification

We use an RC-SVAR specified at a quarterly frequency that includes output growth (as
measured by the log difference of real GDP), core inflation (as measured by the log difference
of the price index of personal consumption expenditures excluding food and energy), the
federal funds rate, the growth in the stock of money (as measured by the log difference of
M2), and Moody’s seasoned Baa corporate bond yield relative to the yield on 10-year treasury
constant maturity. Often, we will refer to the latter as the credit spread. We express all
the variables in terms of quarterly percent changes. The sample runs from 1959:Q1 until
2023:Q2. As typically done when working with time-varying SVARs at a quarterly frequency,
we include a constant and two lags. Thus, we have n =5, p =2, and m = 11 in this model.
Our prior over ¢f¢ is described in Appendix B. For ease of exposition, we present a
summary. We set mg, equal to the maximum likelihood estimate of a time-invariant reduced-
form VAR with the same variables, constant, and lags based on the first Ty = 40 observations
available in our sample. We denote such an estimate by B. We set V3, equal to the unbiased
estimator for the variance of B. To set the values for ms,, m.,, V5, and V., first we let
3> denote the maximum likelihood estimate of the variance of the residuals. Second we
use the Delta method to set the values for ms,, Vs,, m,,, and V,,. For the parameters
governing the step sizes of the processes for B;, §;, and v we set Vg ~ IW(/E%,[B&VB \i'vﬁ, 2V}

Vii~1G(%:

2 5. 2 -
kw,iyéﬂlpv&i k'u,iV’Y,’L\IjV%i

)forz':l,...,n, and VW~IG(D';”,T) fori=1,...,n, with:

2 2

Wy, = Vg, kv, =001, by, =nm+2, 75, =3, Uy, =4 xe] Vs ein, ky; =01, fori=1...,n,
and v, ; = 6, Wy, , =4 x e;nw Vi €in,, kvi=0.1, for e =1... n,, where e;, denotes the i-th
column of an x x x identify matrix.

Our results are based on four independent MCMC chains obtained using Algorithm 3.
Each chain consists of 20,000 draws. For each chain, we keep one every ten draws of the
structural parameters after discarding the first 2,500 draws. We use 1,800 particles for the
reduced-form parameters and 3,600 particles for the orthogonal matrices to approximate the
posterior distribution of A;. Drawing from (F;)L, given (A;)L, is straightforward given that

the identification schemes do not restrict (Fy)L,.

21



6.2 Identification

We identify the parameters of one of the equations of the SVAR, which we label the monetary
policy equation, incorporating the insights of the identification strategies proposed by Uhlig
(2005); Arias, Caldara and Rubio-Ramirez (2019), but we allow for time variation in the
systematic component of monetary policy. This is critical because the Federal Reserve’s
reaction function to economic conditions has undoubtedly changed over time. For example,
in October 1979, the Fed abandoned the federal funds rate as its main policy instrument
and adopted non-borrowed reserves targeting to fight inflation. Similarly, the federal funds
rate took a secondary role in December 2008 when it hit the effective zero lower bound,
and Quantitative Easing took center stage. In addition, changes in Federal Reserve Chairs
and the composition of the Committee may have led to changes in the reaction function of
monetary policy over time, (see, e.g., Boivin, 2006; Coibion and Gorodnichenko, 2011).

To address these changes, we consider an identification scheme that disciplines the
systematic component of monetary policy during periods in which the federal funds rate can
be deemed to have been the primary policy tool and that remains agnostic during periods in
which the Fed targeted non-borrowed reserves or was constrained by the effective ZLB. When
the federal funds rate is not the main policy instrument, the identifying restrictions follow
Uhlig (2005) and concentrate on a minimal number of impulse responses. When the federal
funds rate is the main policy instrument, we maintain the restrictions on impulse responses
and, in addition, we impose restrictions on the contemporaneous structural parameters of the
monetary policy equation following Arias, Caldara and Rubio-Ramirez (2019).!” Importantly,
the federal funds rate is not the main policy instrument during the whole sample; hence, the
restrictions on the contemporaneous structural parameters of the monetary policy equation
cannot be imposed for all the periods.

More specifically, we assume that the first equation of the SVAR is the monetary policy

1"Wolf (2020) shows that restricting the systematic component of monetary policy can avoid shock-
masquerading issues inherent to set identification with too few sign restrictions.
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equation and, abstracting from the constant and lagged variables, we write it as

Iy = Q/JAy,tAyt + ?/Jw,tﬂt + ¢Am,tAmt + ¢cs,tCSt +0rtErt, (14)
~- ~—
Systematic Component Shock

where 1; is the federal funds rate, Ay; is output growth, 7, is inflation, Am; is the growth rate of
money, &, is the monetary policy shock, Yay ¢ = ~ar010; %), Ve = —a11107 31,5, Yip = ~ar310; 3,
VAmt = —at741a;§1, and 0,4 = a;él, with a;;; denoting the (7, j) entry of A;. Sometimes we will
refer to the coefficients (Yay.i, Vr i, Yam,t, Yest) as contemporaneous elasticities. Importantly,
this equation clarifies that the monetary policy shock represents a deviation from a policy

rule. Let us introduce Restrictions 1 and 2:

Restriction 1. Following a monetary policy shock, the contemporaneous impulse responses
of inflation and the growth rate of the stock of money are negative, and the impulse response

of the federal funds rate is positive.

Restriction 1, motivated by Uhlig (2005), is imposed for the entire sample. Uhlig’s
(2005) celebrated identification scheme consists of imposing minimal sign restrictions on
impulse responses motivated by economic theory without restricting the question of interest.
Accordingly, when using his approach to study the economic effects of monetary policy shocks
on output, he assumed that a monetary policy shock that increases the federal funds rate
does not cause an increase in prices or non-borrowed reserves. In line with his identification
scheme, we assume that the contemporaneous impulse response of inflation and the growth
rate of the stock of money is negative in response to a monetary policy shock that increases

the federal funds rate upon impact.'®

Restriction 2. Consider the following restrictions on the coefficients of Equation (14),

wAy,t € (07 4)7 2ﬂﬁ,t € (074)7 wAm,t € (074)7 and wcs,t € (_47 O)

The cost of using such a minimal number of restrictions is that some impulse responses

consistent with Restriction 1 could be associated with an implausible systematic component of

18The length of the restrictions could be extended for one quarter to match the restricted horizons in
Uhlig (2005). We only impose one period to impose the smallest possible number of restrictions.
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monetary policy or be subject to the shock masquerading issue highlighted by Wolf (2020).1"
Restriction 2, inspired by Arias, Caldara and Rubio-Ramirez (2019), addresses these concerns.
The signs and bounds on the contemporaneous reaction of the federal funds rate to output
growth and inflation follow directly from Arias, Caldara and Rubio-Ramirez (2019). While
the signs of these responses can be viewed as uncontroversial, the upper limit of the bounds
is somewhat arbitrary. We set them to 4 to strike a balance between using conservative
bounds and ruling out implausible monetary policy behavior. Turning to the restriction on
the response of the federal funds rate to the growth rate of money, we impose a positive sign
following the work of Leeper and Zha (2003). The upper bound is large enough to encompass
the point estimate of the elasticity of the federal funds rate to money in their model. Finally,
the restriction on the response of the federal funds rate to the corporate credit spread is
inspired by the work of Caldara and Herbst (2019), who highlighted that this response is
crucial to address misspecification concerns in the monetary policy equation. In line with
their estimates, we restrict this response to negative and impose a lower bound to rule out
implausible large negative responses. This bound is such that the range of possible values for
s+ includes the 90 percent credible sets for this coefficient reported by Caldara and Herbst
(2019).

Restriction 2 is imposed on all the periods in our sample except for 1979Q4:1982Q4,
2009Q1:2015Q3, and 2020Q2:2021Q4. The first period corresponds to changes in monetary
policy announced by Chair Volcker in late 1979. The second and third periods correspond to
the Quantitative Easing (QE) policies around the Great Recession and COVID-19.

The rationale for not to impose Restriction 2 during these three periods is as follows. The
first of these periods, the Federal Reserve explicitly targeted non-borrowed reserves. Lindsey
et al. (2013) provides an extensive analysis of the New Operating Procedures announced
by Chair Volcker on October 6, 1979. Their analysis highlights that the credibility of the
prevailing discount rate framework came under severe stress following a near-split decision
on the discount-rate vote and that the Federal Open Market Committee (FOMC) considered

that targeting non-borrowed reserves would provide them with the necessary flexibility to

9Gee also Kilian and Murphy (2012) who highlighted a related issue in an SVAR. of the global market for
crude oil.
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control inflation by allowing significant changes in interest rates. By October 1982, with
inflation in a sustained downward trajectory, the Fed abandoned non-borrowed reserves as the
main policy instrument. The abandonment was communicated less clearly than its adoption,
and the Fed was vague about the details of its operating procedures for most of the 1980s
and early 1990s (see, e.g., Lindsey, 2003). Chappell Jr, McGregor and Vermilyea (2005)
describe the post-1982 conduct of monetary policy as indirect targeting of the federal funds
rate, which gradually moved to direct targeting of the federal funds rate as made clear by
the FOMC statement of March 1997.

The post-1982 period of interest rate targeting was interrupted when the Fed lowered
interest rates to the 0 to 0.25 percent range, hitting its effective ZLB, and embarked on a
period of Quantitative Easing (QE) policies to address the negative economic consequences
of the Global Financial Crisis of 2007 and 2008. The conduct of monetary policy consistent
with Equation (14) only reemerged after the federal funds rate lift-off announced in December
2015. Similarly, the COVID-19 pandemic induced a new period of QE policies and kept the
federal funds rate at its effective zero lower bound from 2020Q2 until 2021Q4.

6.3 Systematic Component and Monetary Policy Shock

In this section, we show the systematic component of monetary policy and the monetary
policy shock. Let us begin with the former. Figure 1 shows the contemporaneous elasticities
of the federal funds rate to output growth, inflation, money growth, and the credit spread,
from 1969Q4 until 2023Q2 except for those periods in which Restriction 2 is not imposed.
The solid blue lines depict the point-wise posterior medians, and the solid gray lines represent
the 68 percent point-wise posterior probability bands.

As seen, the contemporaneous elasticity of the funds’ rate to output growth exhibits three
peaks. The first occurred in 1974 during the chairmanship of Author Burns, and it captures
the sharp decline in the federal funds rate in response to the 1974-1975 recession. The second
peak occurred in 1983-1984 during the chairmanship of Paul Volcker. This may come as
a surprise as his tenure at the Fed is commonly viewed as squarely focused on combating

inflation. Even so, during this period, the annualized real growth rate of GDP averaged 6.8
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percent. To the extent that the FOMC under Voclker’s leadership viewed high growth as
posing a risk to the progress they had made on the inflation front, it is natural to find that the
federal funds rate was more sensitive to inflation during this period. The third peak occurred
in 2001 during the chairmanship of Alan Greenspan when the Fed cut interest rates sharply
in the face of the 2001 recession: In December 2000, the federal funds rate was 6.4 percent,
and it ended 2001 at 1.8 percent. Outside of these peaks, the contemporaneous elasticities of
the federal funds rate have between 0.02 and 0.15, averaging about 0.1, implying that, other
things constant, a one percentage point increase in annualized GDP growth would lead to a
rise of 0.1 percent in the federal funds rate (annualized).

Turning to the contemporaneous elasticity of the federal funds rate to inflation, in line
with the conventional wisdom, we find that the Fed reacted more aggressively to inflation in
the early 1980s than during the Great Moderation. However, we find the highest elasticities
in the early 1970s under the first years of Burns’s tenure. This suggests that through the lens
of our model, the political pressure that President Nixon exerted on the Fed during the early
1970s, see, e.g., Drechsel (2023), did not manifest in a lower response to inflation. Instead,
as we will discuss below, such dovish pressure appears to be reflected in the reaction of the
federal funds rate to the corporate credit spreads. When looking at the magnitude of the
responses throughout the estimation sample, we find that while, on average, the annualized
federal funds rate increased by 0.3 percentage points in response to a one percentage point
increase in annualized core inflation, the range of responses is wide, being above 0.5 during
the early 1970s and the early years of Volcker chairmanship to as low as 0.15 during Janet
Yellen leadership.

Regarding the response of the federal funds rate to the growth rate of money, let us
highlight that, on average, the elasticities are larger before 1979Q4 than after 1982Q4. This
is consistent with the view that policymakers in the early eighties were concerned with the
reliability of monetary aggregates. For example, Lindsey et al. (2013) emphasizes the following
quote from Chairman Volcker obtained from an FOMC transcript from January 1980: “I
would remind you that nothing that has happened—or that I've observed recently—makes
the money /GNP relationship any clearer or more stable than before. Having gone through

all these redefinition problems, one recognizes how arbitrary some of this is. It depends on
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Figure 1: Contemporaneous Elasticities

how you define [money]”.

Finally, we discuss the contemporaneous elasticity of the federal funds rate to corporate
credit spreads. Analogously to Caldara and Herbst (2019), we find a significant reaction to
changes in credit spreads. Nevertheless, we also find evidence of notable time variation in the
magnitude of this coefficient. Interestingly, as highlighted above, the noticeable change in the
contemporaneous elasticity of corporate credit spreads could be attributed to the political
pressure faced by the Fed during the early 1970s. The coefficient moved from about —1.4 at
the beginning of Burn’s tenure to —2.2 at the end of Nixon’s presidency. Hence, the tight
credit spreads of the early 1970s induced the largest dovish pressure on the funds rate in
our sample. Subsequently, it is clear that from the mid-1970s until the onset of the Great
Recession, the Fed gradually became less responsive to corporate credit spreads. Perhaps
not too surprisingly, the downward trend ended after the financial crisis. By mid-2023, the

response was about -1, which aligns with the posterior median estimates for the 1990s and
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early 2000s. While Caldara and Herbst (2019) focuses on the period 1994-2007, our results
indicate that corporate credit spreads played a potentially even more critical role in the

conduct of monetary policy during the 1970s and 1980s.

0.8
0.7 1
0.6
0.5
0.4

0.3

0.2 A

0.1¢ J

1 I

0 L L L L
1970 1980 1990 2000 2010 2020

Figure 2: Standard Deviation of the Monetary Policy Shock

Figure 2 shows the standard deviation of the monetary policy shock. In line with other
estimates in the literature, it has declined since the early 1980s. Notably, the clear evidence
of time variation in the systematic component of monetary policy and the standard deviation
of the monetary policy shock suggests that a time-varying structural model could be critical

to studying the conduct of monetary policy in the U.S. over a long sample.

6.4 Dissecting the 2022-2023 Tightening Cycle

As outlined in the introduction, it is widely acknowledged that the Federal Reserve initiated
a tightening of monetary policy in early 2022 due to inflation concerns (see Romer and
Romer, 2023b). We now examine the degree to which the unexpected changes in the federal
funds rate from the second quarter of 2022 to the second quarter of 2023 are attributable to
either the systematic component of monetary policy or monetary policy shocks. Figure 3
presents our model-based forecasts for the period 2022Q2-2023Q2, using data from 2022Q1
(represented by a dotted line). Thus, forecast and shock contributions are constructed using

point-wise means conditional on the distribution of structural parameters corresponding
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to 2022Q1. This figure also illustrates the cumulative impact of structural shocks on the
unexpected variations in the federal funds rate, output growth, and core inflation for each
quarter between 2022Q2 and 2023Q2. We depict monetary policy shocks using red bars,
while the contributions from “Non-Monetary Policy Shocks” are shown in yellow bars. Both
the forecast and shock contributions are calculated using point-wise means.
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Figure 3: Non-Monetary versus Monetary Policy Shocks

The forecast for the federal funds rate shows that the model significantly under-predicted
its trajectory. Overall, the forecast for output growth was also lower than in the data. In
contrast, the projection for inflation was remarkably accurate. We contrast our model with
the median predictions from the 2022Q1 and 2022Q2 Survey of Professional Forecasters
(SPF).?0 The 2022Q1 SPF participants are at an informational disadvantage relative to our
model, while the 2022Q2 SPF participants are at an informational advantage compared to
our model. The main takeaway from this comparison is that the model forecasts are broadly
in line with the SPF for the case of the federal funds rates, while the SPF does better than
the model when forecasting output growth and worse in the case of inflation.

Looking at the decomposition of the federal funds rate, it is clear that most of the
unexpected changes in the federal funds rate can be attributed to the systematic component
of monetary policy. In particular, interest rates increased beyond what could have been
predicted in 2022Q1, mainly as a systematic response to non-monetary policy shocks. This
can be seen in the figure by comparing the height of the yellow bars to the height of the

red bars. The yellow bars represent the contribution of the systematic part of monetary

20We interpret the SPF projections for the 3-month T-bill rate as projections for the federal funds rate.
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policy to unexpected changes in the federal funds rate. In contrast, the red bars represent the
contribution of the monetary policy shocks. Consequently, the lion’s share of the unpredictable
increases in the interest rate can be attributed to the Fed’s policy reaction function. This is
in line with the findings of the literature when analyzing other periods, which argues that
most of the variation in policy instruments is due to the systematic component of policy
and not monetary policy shocks (for example, see Sims, 1998). Even so, monetary policy
shocks also played a role, amounting to about 100 basis points of the unexpected change in
the federal funds rate by 2023Q2. Table 1 shows the details of this decomposition for the

case of the fed funds rate.

2022Q2 2022Q3 2022Q4 2023Q1 2023Q2
Predictable 0.27 0.62 0.98 1.36 1.70
Unpredictable due to Systematic 0.24 0.91 1.68 2.11 2.25
Unpredictable due to MP Shocks 0.26 0.66 0.99 1.04 1.04
Federal Funds Rate 0.77 2.19 3.65 4.52 4.99

Table 1: Federal Funds Rate Decomposition (p.p.)

As shown in the figure, non-monetary policy shocks are the main contributor to the
unexpected changes in output growth and inflation: non-monetary policy shocks caused the
economy to run hotter (larger than expected output growth and inflation) than predicted.
This explains why the systematic part of monetary policy contributed positively to the

unexpected change in the fed fund rate.

6.5 Romer and Romer’s July 2022 Monetary Policy Shock

To cross-verify our results, we now analyze if the monetary shocks that we find between
2022Q2 and 2023Q2 coincide with those found with Romer and Romer (2023a).?! In particular,
their paper argues that there was a contractionary monetary policy shock in July 2022. Our
estimates are consistent with such a narrative. This can be seen in Figure 4, which shows the

series of monetary shocks identified by our model together with Romer and Romer’s (2023a)

21'We think that this comparison could be helpful for some readers even though, as highlighted by Sims
and Zha (2006a), the resulting shock series are not directly comparable because of differences in the treatment
of the systematic component of monetary policy.
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shock between 2022Q1 and 2023Q2. The black line shows the point-wise posterior medians
for the identified monetary policy shock, while the green areas represent the 68 percent
point-wise posterior probability bands. According to our estimates, there is a contractionary

shock in 2022Q3.

2022Q3 (Corftractionary)

-1.5
2022Q1 2022Q2 2022Q3 2022Q4 2023Q1 2023Q2

Figure 4: Monetary Policy Shocks

Even so, our estimates do not perfectly match the narrative record of the latest tightening
cycle in Romer and Romer (2023a). Whereas they saw some signs but not definite evidence
of a contractionary monetary policy shock in 2022Q2, our model detects a contractionary
shock in such a quarter. Looking beyond 2022, we cannot compare our approach with theirs
because their analysis was conducted in January 2023. Nevertheless, our model estimates
show some evidence of an expansionary monetary policy shock in 2023Q1, during which the

Fed decreased the pace of interest rate increases from 50 to 25 basis points.

6.6 Policy Counterfactual Simulations

One of the benefits of considering a structural model is the ability to look at the effects of
counterfactual experiments that change the structural parameters in the monetary policy
equation. For instance, Sims and Zha (2006b) look at impulse responses to shocks in an SVAR
where the estimated policy equation is replaced by one in which the monetary authority
is unresponsive to other variables in the system. Similarly, Primiceri (2005) conducts an

experiment he calls “planting Greenspan into the 1970s.” The idea of such an experiment is
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to replay history, drawing the parameters of the policy rule in the 1970s from their posterior
in 1991-1992, to assess the consequences of a change in the systematic policy component.
Building on this tradition, we produce two types of counterfactuals. In the first type, we
modify the systematic component of monetary policy, keeping other aspects of the model
unchanged. This approach aligns with the framework presented in Sims and Zha (2006a),
wherein rational agents cannot comprehend or anticipate policy changes. In the second
type, we generate counterfactuals inspired by the work of McKay and Wolf (2023); Caravello,
McKay and Wolf (2023). These counterfactuals address the expectational concerns of the
Lucas critique.

Let us begin with the counterfactuals relying on a policy change to the systematic
component of monetary policy. Specifically, we conduct two counterfactual simulations that
replay history since 202202, assuming that the FOMC would have responded to contemporary
inflation differently than what would be prescribed by our estimated policy rule. In the first
simulation, which we label “Hawkish Fed,” we replace the model’s estimated reaction to
contemporaneous inflation with a twice as large response. In the second simulation, which we
label “Dovish Fed,” we replace the model’s estimated reaction to contemporaneous inflation

with a response that is half as large.

10+ Federal Funds Rate or Output 10+ Core Inflation
Hawkish Fed
Dovish Fed
@ Data —
8 4 8 8t
N
= E
ol =
2 S 6l
<
= [0]
X 2 2 ). . °
[=2] (]
=4 3 4 >
X = [ ]
>
2
59} g; 2|

. L . I -4 I . L I 0 . . L I
22Q2 22Q3 2204 23Q1 23Q2 22Q2 22Q3 22Q4 23Q1 23Q2 22Q2 22Q3 2204 23Q1 23Q2

Figure 5: Counterfactuals

Figure 5 presents the results. Focusing on posterior medians, through the lens of our

model, under the Dovish Fed counterfactual, the economy would have marginally overheated
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with output increasing above the pace implied by the U.S. Congressional Budget Office’s
estimates of potential GDP, and inflation would have run persistently above 5 percent. Under
the Hawkish Fed counterfactual, inflation would have quickly decreased in terms of economic
activity at a small cost. In the Hawkish counterfactual, the output in the second quarter of
2023 would have been about 0.7 percent lower. When looking at the output level at risk, the
lower envelope of the 68 percent probability bands shows that the cost in terms of output
could have been as high as 3.1 percent.

While the Bayesian paradigm adopted by our approach mitigates some of the concerns
associated with the expectational issues of the Lucas critique, it is still possible that economic
agents would become aware of the policy change over time, potentially affecting the lessons
obtained from the counterfactuals. To address the latter, we conduct a variant of the Hawkish
Fed and Dovish Fed counterfactuals that rely neither on changing the systematic component
of monetary policy nor on ex-post monetary policy surprises. For this reason, we refer to these
counterfactuals as robust to expectational concerns. Specifically, we construct a Hawkish
Fed (Dovish Fed) counterfactual by replaying history since 2022Q)2, assuming that on such
quarter, there was an additional contemporaneous monetary policy shock that other things
constant would have led to a median increase (decrease) of 75 basis point in the federal funds
rate. We choose 75 basis points so the median federal funds rate does not exceed zero in the
Dovish Fed counterfactual. Figure 6 shows the results, which, as can be seen, are broadly

similar to those obtained under the first set of counterfactuals.
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Figure 6: Counterfactuals Robust to Expectational Concerns
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6.7 Was the Fed Behind the Curve?

Thus far, our analysis has revolved around understanding the 2022-2023 tightening cycle since
its onset. This section focuses on whether the Federal Reserve was late to increase interest
rates. This is an interesting question because, in early 2021, influential economists expressed
concerns that the American Rescue Plan Act (signed into law on March 11, 2021) could
result in a surge of inflation not seen since the 1970s unless the Federal Reserve responded to
the program, (see, e.g. Summers, 2021a; Blanchard, 2021).

Figure 7 shows our model-based forecasts for 2021Q2:2021Q4 based on 2021Q1 data
(dotted line). In addition, the figure shows the cumulative contribution of structural shocks to
the unexpected change in the federal funds rate for each quarter from 2021Q2 until 2021Q4.
As above, we plot monetary policy shocks (red bars), and the rest of the structural shocks
are aggregated into a “Non-Monetary Policy Shocks” category (yellow bars). Forecast and
shock contributions are constructed using point-wise means conditional on the distribution of
structural parameters corresponding to 2021Q1.
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Figure 7: Monetary Policy versus Non-Monetary Policy Shocks

Let us begin by discussing the point-wise mean forecasts. The RC-SVAR predicted an
earlier-than-realized lift-off for the federal funds rate: the model expected the funds rate to
be about 0.6 percent by the end of 2021. This projection was associated with a prediction for
output growth of nearly 4 percent in 2021Q1, slowing to slightly above 3 percent by 2021Q4,
and a prediction for inflation of about 3 percent throughout the forecast horizon.

Regarding the shock decomposition, the cumulative unexpected change in the federal
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funds rate is driven by expansionary monetary policy shocks supporting the view that the
monetary policy stance was accommodative, and the FMOC fell behind the curve during
this period. The inflationary consequences of these actions can be seen in the cumulative
decomposition of the unexpected change in core inflation: monetary policy shocks on average
contributed about 0.6 percentage points to annualized core inflation during the period under
analysis. The remaining and larger share of the unexpected change in inflation can be
attributed to non-monetary policy shocks. Thus, interestingly, we find that although the
Fed was running behind the curve, this was not the primary factor underlying the inflation
run-up. The relative contribution of monetary policy shocks to the unexpected change in the

output growth rate is small.

6.8 Do Time-Varying Sign Restrictions Matter?

We conclude our empirical application by demonstrating that the ability to impose sign
restrictions in only selected periods can affect inference. To this end, we contrast the monetary
policy shocks obtained under the identification scheme in Section 6.2 (which in this section
we will refer to as the baseline identification scheme) with an alternative identification scheme
in which Restrictions 1 and 2 are imposed in all periods of our sample.??

Panel (a) in Figure 8 shows the pointwise posterior medians and the pointwise 68 percent
posterior probability bands for the estimated monetary policy shocks between 2021Q1 and
2023Q2 when using the baseline identification scheme (solid dark green lines for the median
and light green shades for the bands) and when using the alternative identification scheme
(solid dark gray lines for the median and light gray shades for the bands). We focus on the
period 2021Q1:2023Q2 because during this time, clear voices were calling for monetary policy
action (see, e.g. Blanchard, 2021; Summers, 2021a,b), and it is also the period in which we
find the most significant discrepancies between the two identification schemes under analysis.

Although the implied monetary policy shocks over the period under analysis are similar
under both identification schemes, there are some differences. Through the lens of the

alternative identification scheme, there was an expansionary monetary policy shock in 2021Q4,

22The results of the alternative identification scheme are based on 10,000 draws from the posterior
distribution obtained using Algorithm 3.
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Figure 8: Monetary Policy Shocks

Note: Panel (a): Point-wise posterior medians and the point-wise 68 percent posterior probability bands for
the estimated monetary policy shocks between 2021Q1 and 2023Q2 when using the baseline identification
scheme (solid dark green lines for the median and light green shades for the bands) and when using the
alternative identification scheme (solid dark gray lines for the median and light gray shades for the bands).
Panels (b) and (c): The green (gray) histogram corresponds to the baseline (alternative) identification
scheme.

while the baseline finds that the monetary policy shock was nearly centered around zero. The
difference can be seen in Panel (b), where we plot the histograms of the estimated monetary
policy shocks in 2021Q4 for the baseline (green histogram) and the alternative (gray histogram)
identification schemes. In addition, the implications for output also differ depending on the
identification scheme in place. Panel (c¢) shows the histograms of the posterior estimates of
the contemporaneous impulse response of real GDP to a one-standard-deviation expansionary

monetary policy shock in 2021Q2. As can be seen, using the alternative identification scheme,

the expansionary monetary policy shock of 2021Q2 is more likely to have had positive effects
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on output. This highlights that differences in impulse responses could emerge, even when
both schemes find similar monetary policy shocks, as in 2021Q2.

Overall, the results presented in Figure 8 illustrate that the ability to impose the sign
restrictions on selected periods can affect posterior inference about the effects of monetary
policy at a critical juncture. More broadly, time-varying sign restrictions offer a helpful
toolkit for those interested in adhering on a time-specific basis to the If you know it, impose
it! If you do not know it, do not impose it! principles for inference based on sign restrictions

outlined in Uhlig (2017).

6.9 Constant Parameters SVAR

Researchers employing a constant parameters SVAR to conduct monetary policy analysis
in our sample, while adhering to the aforementioned identification principles, would be
hesitant to impose Restriction 2. This reluctance stems from the fact that the federal funds
rate was not the primary policy instrument throughout the entire period under analysis.
Consequently, these researchers would only be confident in imposing Restriction 1, as typically
done following the work of Uhlig (2005). In this section, we explore the consequences of
the inability to selectively impose Restriction 2 by contrasting the historical decomposition
presented in Section 6.4 with the one obtained using a constant parameters SVAR identified
with Restriction 1. To this end, we specify an SVAR at a quarterly frequency featuring the
same variables and sample as in the RC-SVAR. We include a constant and four lags, as
typically done in this setting when working with constant parameters, and we use the “weak”
priors described in Uhlig (2005).%

Figure 9 presents the comparison. Panel (a) shows the cumulative impact of structural
shocks on the unexpected variations in the federal funds rate, output growth, and core
inflation for each quarter between 2022Q2 and 2023Q)2 for the constant parameter case. Panel
(b) reproduces the results for the RC-SVAR shown in Figure 3. As we will discuss below,
there are two salient differences between the historical decompositions implied by the constant

parameters SVAR and the RC-SVAR, respectively.

23The results of the constant parameters SVAR are based on 10,000 draws from the posterior distribution
obtained using Algorithm 1 in Arias, Rubio Ramirez and Waggoner (2018).
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Figure 9: Monetary Policy vs Non-Monetary Policy Shocks

First, through the lens of the former, monetary policy shocks contribute insignificantly to
the unexpected variations in output growth relative to the RC-SVAR. Therefore, a constant
parameters SVAR, identified solely by Restriction 1, presents a markedly different picture
regarding the drivers of unexpected output growth fluctuations between 2022Q2 and 2023Q2.
Whereas the RC-SVAR indicates that monetary policy shocks decelerated output growth in
the face of non-monetary policy shocks that caused the economy to run hotter, the constant
parameter variant suggests that monetary policy shocks propelled output growth in 2022
and were roughly neutral after that. Figure 10 sheds light on this discrepancy by comparing
the impulse responses to a monetary policy shock in the RC-SVAR with those obtained
in the constant parameters SVAR. The solid dark green lines and the light green shades
correspond to the pointwise posterior median and 68 percent pointwise probability bands for

the RC-SVAR. The solid and dotted black lines correspond to the pointwise posterior median
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and 68 percent pointwise probability bands for the constant parameters SVAR. In the case of
the RC-SVAR, we focus on 2022Q3—the quarter associated with the contractionary shock
identified by Romer and Romer (2023a)—and we compute the impulse responses to a unit
standard deviation monetary policy shock as in Primiceri (2005). In the case of the constant
parameters SVAR, we scale the shock such that upon impact, the median increase in the
federal funds rate equals the median increase in the RC-SVAR. When using the RC-SVAR, the
posterior median of output is negative following a contractionary monetary policy shock, and,
as a result, the positive monetary policy shocks needed to explain the unexpected increase in
the fed funds rate negatively affect output. In contrast, in the constant parameter SVAR,
the posterior median response of output is positive, indicating a contractionary monetary
policy shock. The positive posterior median response of output is in line with the results in

Uhlig (2005).
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Figure 10: Selected Impulse Responses to Monetary Policy Shocks

Note: The solid dark green lines and the light green shades correspond to the pointwise posterior median and
68 percent pointwise probability bands for the RC-SVAR. The solid and dotted black lines correspond to the
pointwise posterior median and 68 percent pointwise probability bands for the constant parameters SVAR.

Second, although the non-monetary policy shocks explain the largest share of the unex-
pected variation of the federal funds rate in both models, in the constant parameter SVAR,
these shocks do not operate through output and inflation. This can be seen by comparing
Panels (a) and (b) in Figure 9: the yellow bars are much less important in explaining the
unexpected variation of output growth and inflation in the constant parameter case than in
the RC-SVAR. Thus, researchers employing constant parameters SVAR would obtain little

support for the view that unexpectedly higher interest rates were driven by non-monetary
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policy shocks that induced the economy to run hotter. Instead, as shown in Figure 11
depicting the contributors to unexpected variations of money growth and credit spreads for
the constant parameters SVAR, these researchers would conclude that non-policy shocks
induced unexpected variation in both the federal funds rate and money growth without a
clear association with the real or financial side of the economy.
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In sum, these two differences show how the ability to impose time-specific sign restrictions
can shape researchers’ views on classical macroeconomic questions, such as what monetary

policy does.

7 Conclusion

The theory developed in this paper can be extended in multiple directions. First, it offers
a path forward to researchers interested in conducting empirical work using time-varying
SVAR with priors that assign the same density to observationally equivalent sequences of
structural parameters. Second, the techniques can be adapted to consider zero restrictions,
provided that one considers the volume elements when inducing priors over sequences of
structural parameters. This extension is not straightforward since these volume elements are
more intricate than the constant parameters case considered by Arias, Rubio-Ramirez and
Waggoner (2018). Third, exploring the role of inference about the fixed parameters is another
interesting line of research. Finally, given that our methodology is compatible with a wide

range of time-varying models, it could be fruitful to conduct marginal likelihood comparisons
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across them conditional on the identifying restrictions.
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Appendix

A  Proofs

Proof of Proposition 1. The likelihood is given by

T
p((yt)z;l | X1, (At7Ft)Z;17 ¢) = Hp(Yt | Xt7At7Ft)7
t=1

where p(y, | x;, Ay, F,) is Gaussian with mean x,F, A;' and variance (A; A})~. Note here
we are being explicit about the fact that we are conditioning on the initial conditions. So,
if there exists (Q,)7, € O such that (A, F,)", = (A, Q,,F;Q,)”,, then the likelihoods at
(A, F)L, @) and ((A,,F,)L,, ¢) are equal for all (y,)Z,. Thus, (A, F,)L, and (A, F,)L,
are observationally equivalent.

Now assume that (A, Fy)Z, and (Ay, F;)Z, are observationally equivalent. Again, because
p(y; | x¢, Ay, Fy) is Gaussian with mean x) F; A;* and variance (A; A})~! and p(y, | x;, Ay, Fy)
is Gaussian with mean x, F, A, " and variance (At[&;)*l, it must be the case that (A; A})! =
(AtA;)‘l and x| F, A;' = x/ ]?‘tAt_l. The former implies that (A;* Ay)(A;' A,) = I, so that
Q, = A;' A, € O,. The latter implies that it must be the case that x,(F; Q,-F;) = 0 for
almost every x;. For t > p, the span of the support of x; is all of R™. However, for 1 <t < p,
the span of the support of x; depends on the assumptions about x;. While x; is observed, it
is a random variable, and we assume that the span of the support of x; is all of R™. This
implies that the span of the support of x; is all of R™ for 1 <¢ <7T. Thus, F;Q, = F, for
1<t<T. O

Proof of Proposition 2. Because vy-1((By, %, Q,)L,) does not depend on (Q,)L,, the condi-

tional prior ps((A Fy)L, | ¢) satisfies Equation (3) if and only if the equivalent conditional
prior pr((By, X, Q,)L, | ¢) satisfies

Pr((Be, 20, Q)% | @) = pr((Bi, 20, QP | 9), (A.15)
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for every (P;)L, € OL'. The result follows because Equation (A.15) is satisfied if and only if
pr((Bi, 20, Q)T | ¢) does not depend on (Q,)L,. m

B Prior over ¢fi¢

This section summarizes the model constant parameters and describes our prior over ¢ic.

For ease of exposition, we partition ¢f¢ into fixed constant parameters ¢£¢ and estimated
constant parameters ¢EC, that is ¢fC = (¢EC, pLC) . The parameters in ¢f¢ depend
on hyperparameters which we denote by ¢, Table Al summarizes parameters and

hyperparameters. Next, we turn to the details.

Table Al: Model Parameters

Fixed Constant Parameters: ¢Z°

. | Expected value of 3.

Vg, | Variance of 8.

ms, | Expected value of 9;.

Vs, Variance of 8.

m., | Expected value of .

" | Variance of ~;.

Estimated Constant Parameters: ¢Z¢
Vg | Variance of the innovations to 3;.

Vs Variance of the innovations to 6.

V., | Variance of the innovations to ;.
Hyperparameters: "¢

Wy, | Scale matrix of the prior for Vig.

kvs | Scaling factor for the scale matrix of the prior for Vig.
Vv, | Degrees of freedom of the prior for Vg.

Usi Shape parameter of the prior for Vs, fori=1,...,n.

Wy, | Scale parameter of the prior for Vi; for i =1,...,n.

kwi | Scaling factor for scale parameter of the prior for Vs, fori=1,...,n.
Vyi | Shape parameter of the prior for V,; for i =1,...,n,.

Uy, ;| Scale parameter of the prior for V. ; fori=1,... n,.

ky Scaling factor for scale parameter of the prior for V. ; for ¢ =1,...,n,.

The prior over ¢pX¢ will be Dirac. This assumption can be relaxed at the cost of increased
computation time. To set a value for ¢E, we set mg, equal to the maximum likelihood

estimate of a time-invariant VAR with the same variables and lags based on the first T = 40
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observations available in our sample. We denote such an estimate by B. We set Vg, equal to
the unbiased estimator for the variance of B. To set the values for m,, m.,, V5, and V,,,
first it will be useful to let 3 denote the maximum likelihood estimate of the variance of the
reduced-form residuals of the time-invariant VAR mentioned above, and second to define the
following mapping between Vech(ﬁ])—where the vech operator stacks the elements on and

below the main diagonal of a square matrix—and (&1,71):

g(vech(f]))z 210g(diag(f))),vecl(logé) ,
—_—
41 Y1

where C =D 'SID ', D = (diag(diag()))?, £ = (vee(L,)’ @ L,) (I, ® (D, vech(%))), and
D, is a n? x @ duplication matrix such that vec(f]) =D, vech(f]). By Proposition 3.4 of
Liitkephol (2007),

VT (vech(2) - vech(X)) - N(0,2D}, (X ® £) D)) (A.16)

where D is the Moore-Penrose generalized inverse of the duplication matrix D,,. Then, by

the Delta Method,

VT (g (vech(2)) - g (vech(E))) - N(0,D,(X)2D; (X ® £) D’ D,(%)")

where Dy () = 200 Lot V, (. 5)(%) = ReEEPaEED DL DY iy,

ms, = 2log (diag(f))) ) m.,, = vecl(log C)
| NES
‘/51 = [ In On,n.Y ]‘/g(vech(fl))(z) ) and VYl = [ On.y,n In.Y ]‘/g(vech(ﬁl))(z)
Ny ,n On,ny

where I, is the identity matrix of dimension s x s and Oy, 5, is @ matrix of zeros of dimension

S1 X S9.
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The prior over ¢pEC, ie., p(¢EC | R FC), is as follows:

Vﬂ ~ IW(E%’E; DVIB ‘ilvﬁy DVB)
Vs » k’Q U Z\I] )

Vsi ~ IG(%,%),fbri:l,...,n
. k?2zﬂ Z\I/ )

Vii ~ I(}(l/;’l,%vw),fori=1,...,n7

The values for the hyperparameters ($£EC) are: ¥y, = Vg,, kv, = 0.01, iy, = nm + 2,
vsi=3, Wy, =4 xe;, Vs €in, ki =0.1, fori=1...,n,and v,; =6, Uy, , =4 x e;,nwvmei,nw,
k,;=0.1,fori=1...,n,, where ¢; , denotes the i-th column of an identify matrix of dimension

X.

C Efficient Algorithm

We use the particle Gibbs with ancestor sampling (PGAS) developed by Lindsten, Jordan,
and Schon (2014). The PGAS iterates over multiple blocks to draw from p((Ay, Fy)L,, 7 |
(yo)L,). It differs from a traditional Gibbs sampling algorithm as we draw (AL, from
its conditional posterior distribution using the conditional sequential Monte Carlo method.
This is because we are conditioning the sign restrictions; therefore, its conditional posterior
distribution is no longer Gaussian. We use an off-the-shelf implementation of the PGAS for
state-space models presented in Algorithm 3 of Lindsten, Jordan and Schon (2014).

Steps for drawing (Fi)Z, and ¢*»f¢ are based on their exact conditional posterior distri-
bution, and therefore they are fairly standard. To simplify the exposition, we assume that
S (A, Fy) = S;(A;). For the general case where F; enters the sign restrictions, one can draw
F,; from its conditional posterior distribution using the conditional sequential Monte Carlo
method as in the step for drawing A,. For ease of exposition, we first reproduce Algorithm 3

and then discuss each step’s details.
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Algorithm C.1. The following algorithm draws from pE°((Ay,Fi)L,, ¢7C | (y:)L,) condi-

tional on the sign restrictions.
1. Let N1,Ny> 1, seti=1, and initialize (AL, ¢p=1RC).
2. Draw (F})L, from a distribution that is proportional to pR°((Fy)L, | (AFY)L,, ¢ LEC (yi)L)).

3. Draw (ADL, from pEC((A)E, | (F)L,, (AL, ¢ VEC (yi)L,) conditional on the

sign restrictions.

4. Draw (¢*€) from p§°(¢FC | (AL FDLL (y0)i)-

5 Ifi <Ny + Ny, let i =1+ 1 and return to Step 2.

C.1 Sampllng from p((E =1 | (At t= 17V57V57V’)/7 (YS 221)

In order to draw from p ((Fy)L, | (A:)L,, Ve, Vs, Va, (v,)i;), we will draw from

p((ﬂt)il | (At)gllavﬁvv&v’w (yS i:l) )

with B; = vec(B;) and transform the draws to (F})L, exploiting the linear mapping between

F; and By, given A;.
Let /8T|T IE:(IBT | (At)t 17V57V57V‘77 (ys)s 1) VT|T Var (/BT | (At)t 17V,37V57V‘ya (ys i=1)7

/Bt\t+l =K (/Bt | ﬁt-%—la (At t=1> Vﬁv V57 V’yv (YS)3:1)7 and Vt|t+l = Var (/Bt | ﬁt+17 (At)tj;p Vﬁ7 V57 V")’7 (y$)g:1)
fort=T-1,...,1. Following Carter and Kohn (1994),

p((ﬁt)tzl | (At)tT=17VﬁaV57V’y: (ys g:l) = p((ﬁt)tzl | (At)tT=17VﬁaV57V% (ys g:l)

and:

p((IBt)tTﬂ | (At)g;lﬁvﬂav&v’w (yt)z;l) = p((ﬂt)t 1 | (At)t 17V57V57V"/7 (y$ s= )

T-1

p(/@t | Brit, At)t 17V[37V57V’Yv(yS s= )
t=1
(A.17)
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where, fort=T-1,...,1,

p (IBT | (At)g;h Vﬁ? V57 V“/7 (yt)tT:I) = N(,BT‘T7VT‘T)(IBT)
p (/Bt | IBt+17 (At)glla Vﬁa V67 V‘ya (ys)l;:l) = N(ﬁﬂt”,Vt\Hl)(/@t)'

Conditional on (A;)L,, the draws of B; can be mapped to draws of F; using F; = B, A;, for
t=1,...,T.

C.2 Sampling from psc((At 1 | (Ft)t (A7 1)t 1 &1, (v %F:l)

Let 1 {S;(A;) > 0} be an indicator function that equals 1 if the sign restrictions are satisfied
at time t, and 0 otherwise. In addition, let superscript ¢ index the Gibbs sampler draws

and let subscript 7 index the particles and the corresponding weights used to approximate

((At =1 | (F t= 17(‘AZ l)t 17¢i_1’RC7(yt ?:1)

Algorithm C.2. The following algorithm draws from pE¢((A)L, | (FO)L,, (AF)L, > (y,)L,)

conditional on the sign restrictions. Set J > 1 and t =1 and enter the following steps:
1. Draw Ay ~pRC(Ay | (F)E,, ¢"1C) for j=1,...,J 1.
2. Set Ay y=A0.
3. Set wyj o< p(y, | Avs, Fix)1{S:(A;;) >0} forj=1,...,J.

4. Sett=t+1.

J

5. Generate {(A,,)- Vo by sampling J — 1 times with replacement from {(As ;) 1},

with probabilities proportional to the importance weights {wt—ld}j:l
6. Draw J' with P(J' = j) oc w1 ;p(ATY | Ay,). And, set (Ag )2t = (Ag )it
7. Simulate Ay j ~ pEC(A, | Ay, @FC) forj=1,..,J-1.
8. Set Ay y=A"
9. Set (Auy)y = (Ko)2h Ay) Jor =1, J.
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10. Set wyj =p(y, | Asj, Fix)1{S:(A:;) >0} forj=1,...,J.
11. Ift <T, return to Step 4. Otherwise, go to the next step.
12. Draw k with P(k = j) oc wy;.

18. Set (ADL, = Ayry and exit the algorithm.

The above algorithm can be understood sequentially constructing the important sampling
weight, w; ;, for the path of the j-th particle, (A, ;):_; = {A1;, Az, ..., As;}. Then, the final
particle system {wr ;, (AS,]-)ST_l}j_1 approximates the desired target distribution and Steps 12
and 13 generate a draw from pE°((A,)L, | (FOE,, (A7 )L,, ¢ 15 (y)L).

Next, we note several important points about the algorithm. First, this algorithm is
almost identical to the typical particle filter algorithm except for Steps 2, 8, and 6. Steps 2
and 8 make sure that the algorithm conditions on the previous draw, (A7) i1, by forcing
the last particle to be the same as the previous draw. Resampling for the last particle needs
to be modified accordingly as we need to resample {(A;)iZ}}7, conditional on A" which
is done in Step 6. Lindsten, Jordan and Schon (2014) prove that these extra steps ensure
that Algorithm 3 draws from the desired joint posterior distribution.

Second, let (8;,v:) = g79(2), i = (A A))~!, and fR(Ay) = (B4, Q1) with Q; = h(X) A,
Let t = 1 and notice that if we combine the prior over (d;,;) with the uniform prior over

Q1, the implied prior over A; is

pEC (AL (F)Ly, 07 HC) = pif(AL| @711

n(n+1)

RC((81,m) | p1EC)
det(Ay)[ Dy o (S P LN .
|det(Ay)|” c(X1) T, 1do,Q;

Hence, in Step 1 we can draw from p2C¢(A; | ¢¥¢) drawing (81,71) from pf((61,7) |
¢~LEC) and @ from the uniform distribution over @, and then transforming the draws,
first into ¥; and then into A;.

Similarly,

n(n+1)

RC i-1,RC
|det(At)|‘(2”+m+1)v9tRc(Et)p (8, 7) | & ) (A.18)

CA A i—1,RC 2)
( t| t— l>¢ ) f@n 1dOth )
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for t = 2,...,T. Hence, in Step 7 we can draw from pf°(A; | A;_1, ¢ LEC) by drawing
(8:,7:) from pBC((8s,v:) | g7((As1 A 1)™), ¢ 1EC) and Q; from the uniform distribution
over O, and the transforming the draws into A;. In some cases, it is more efficient to
combine the mappings ¢/*“ and f? to form f,‘;_)MQ(At) = (04,74, Q;). This mapping can be
used to sample from pf© (s, v:, Q, | 0¢-1,vi-1, Q,_1, @ HFC), which is a density defined as

follows:

a—0 - a—0 — i—
U(f;j"“‘*Q)*l(5,5,%7Qt)p§c((fh 7Q) 1(5ta7taQt) | (fh 7Q) l((st—la’Yt—l7Qt—1)7¢ 17RC)

by means of a Gibbs Sampler consisting of sampling from pf©(Q, | 8:, 7+, 0¢-1, V-1, Qs_1, @ HEC)

and then from pRC(éta’Yt | Qy, 001,71, Qi 4, ¢i71’RC)~
Finally, the indicator 1{S,(A;;) > 0} in Step 3 and 10 discards the draws that do not
satisfy the sign restrictions. It is important to notice that this is done period by period,

unlike the simple algorithm such as Algorithm 1.

C.3 Sampling from pgc(quC | (Af;, ! L yoL)

Recall that ¢fiC consists of several hyperparameters in the model, Vg, Vs, and V.

C.3.1 Sampling from p(Vg| (F)L,, (AL, Vs, Vo, (yo)L)

Our prior distribution over Vg is IW(I;;%,ﬁ ﬂvﬁ\ilvﬁ, Vv, ), then the posterior is:

P(VB | (Ft)tT=17 (At)tT=1a Va, (yt)il) p(VﬁKﬁt)tT:b (At)tT=1)

o< p((ﬁt)g;l | Vg)p(Vg) o< IW(pvﬁ,xizVﬁ)(Vﬂ),

where 17\/"3 = (T - 1) + DVE and \iivﬁ = (BQ:T - Bl:T—l), (BQ;T - BI:T—I) + ];Z%vﬁﬂvﬁ\i’vﬁ, where

Byr=(Bs,....B3:) for 1<s<r<T.
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C.3.2 Sampling from p(Vs | (F)L,, (AL, Ve, V., (y)L,)

Usi Ys.i

Our prior distribution over Vj, is IG( 5 5 ) for i =1,...,n. Then, the posterior is:

(Ft)tT=1: (At)le,Vﬁ, V% (Yt)tT=1) = p(Véi

p(Vs,

2

Do) oD | V1) (4) 16y, 50 (),

where 5, = (T' - 1) + U5, and 1;5,1» = IEM + ZtT:2 (5@%, where 0;; denotes the i-th entry of d;.

C.3.3 Sampling from p(V, | (F)L,,(A)L,, Vs, Vs, (y)L,)

Our prior distribution over V., is IG (177271-’ Qp;”) for i=1,...,n,. Then, the posterior is:

(Ft)g;la (At)g;la Vﬂv V‘Y’ (Yt)g;1) = p(V%.

p(V;,

2 7 2

(yt)g;l) Ocp((Yt)Z;l | ‘/%)p(‘/%) o< IG(% %)(sz)v

where 7, = (T'- 1) + 5,; and 1;7,1- = zﬁw + ZtTZQ fyf,t, where 7, ; denotes the i-th entry of ~;.
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