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A Examples

Example 2 (Misspecified model and pseudo-true value). Let us consider the model y; = a+
ei, i =1,...,n, with e; independently drawn from the skewed distribution P given in (2.13).
We consider the following two moment conditions EX[y; — o] = 0 and EP[(y; — «)?] = 0.

This situation 1s different from the one illustrated in Fxample 1 in the paper because there
are no covariates and the augmented parameter v is (incorrectly) forced to be zero. In turn,
a has to satisfy both the moment restrictions, which is impossible under P. Instead, for each
« the ETEL function is defined by the probability measure Q*(«) which is the closest to the
true generating process P in terms of KL divergence among the probability measures that
are consistent with the given moment restrictions for a given . In Figure 2 (left panel), we
present EP [log(dQ* () /dP)] which is equal to — K (P||Q*(«)). The value that mazimizes this
function is different from the true value (a = 0) and it is peaked around —0.056. This value
1s the pseudo-true value. In the right panel of Figure 2, we present the BETEL posterior
distribution of « for five different sample sizes. The BETEL posterior distribution shrinks
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and moves toward the pseudo-true value, in conformity with our theoretical result.
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Figure 2: Posterior distributions in Example 2 under misspecification. Left panel presents the
function a — Ef[log(dQ*(a)/dP)] where Q*(a) := arginfoep, K(Q[|P) with ¢ := (a,0). For each
a, we approximate this function based on the dual representation in (2.16) — which is valid under
Assumption 3 — using five million simulation draws from P. In the right panel, we present the
BETEL posterior distribution of the location parameter « for n = 250, 500, 1000, 2000, 5000 where
n is the number of observations. The prior distribution for « is student-t with mean 0 and dispersion
5. Vertical dashed lines are at the pseudo-true parameter value, approximately equal to —0.056.
Posterior densities are based on 10,000 draws beyond a burn-in of 1000. The M-H acceptance rate
is about 90% for each sample size.

Example 3 (Model selection when all models are correctly specified). We suppose that for
every i = 1,....n, y; = o+ Bz + e;, where z; ~ N(0.5,1) and e; ~ N(0,1) indepen-
dently of z;. Let 0 = (a, ), e;(0) := (y; — o — Bz;) and the true value of 6 be (0,1). We
compare the following models. Model 1: EP[(e;(0),e;(0)zi, e;(0)3,e;(0)> — 1)'] = 0, Model 2:
E”[(e;(0),€:(0)zi,e;(0)> — 1)] = 0 and Model 3: EF[(e;(0),e;(0)> — 1)'] = 0 which, reformu-

lated in terms of an encompassing grand model, become respectively:

M, : EP[e;(0)] =0 . Ef[ei(0))] =0, Ef[e;(0)*—-1]=0
My B (0)] =0, BPe(0)z] =0, B0 = o BP0 —1 =0,  (AD)
M3 . EP[el(H)] = 0, EP[SZ(Q)ZZ] = V9, EP[61<9)3] = 1, Ep[ei(9)2 — 1] =0.

with Y1 = 0, Y* = (0,v1) and Y3 = (0,v1,v9). Note that the last two moment restrictions

(which concern the third and second moments) serve as extra information to infer the pa-

rameter 6, when they are active. Under the standard normal error distribution, all the three



models are correctly specified: My has four active moment restrictions while Moy and M3 have
three and two active moment restrictions, respectively.

In Table 5, we report the percentage of times the marginal likelihood selects each of these
models in 500 trials, for different sample sizes. Model My, the model with the larger number
of valid restrictions, is selected 99% of times by sample size of n = 500. The results are
virtually indistinguishable for the training sample prior (based on 50 prior samples). Under

both priors the proportion of correct selection tends to one.

Default prior Training sample prior
Model M1 Mg M3 M1 M2 M3

n=250 978 1.6 0.6 98.0 1.6 0.4
n=500 99.0 08 0.2 99.0 0.8 0.2
n=1000 99.2 0.6 0.2 99.2 0.6 0.0
n=2000 99.2 0.8 0.0 99.2 0.8 0.0

Table 5: Model selection when all models are correctly specified. Frequency (%) of times each of
the three models in Example 3 are selected by the marginal likelihood criterion in 500 trials, by
sample size, for two different prior distributions.

Example (Count regression: variable selection (continued)). Consider the case where the
data are drawn under the Poisson assumption (this information is, of course, not used in
the estimation). Specifically, suppose we generate n realizations of {y;, x;} from the Poisson
model

il B, xi ~ Poisson(p;), i=1,...,n
| (1) a2

log(p:) = 3.

where = (P1,Pa, P3) and x; = (14,224, x3;), with B = 1, B = 1, B3 = 0. Thus,
x3; s a redundant regressor. Each explanatory variable x;; is generated i.i.d. from normal
distributions with mean .4 and standard deviation 1/3. Given these data, our goal is to
evaluate the finite-sample performance of our marginal likelihood criterion in picking out the
correct model. We conduct our MCMC' analysis and compute the marginal likelihoods of the
four models by the Chib (1995) method under the default student-t prior distribution on [
given in (2.11). The results, in Table 6, give the percentage of times in 500 replications that
the marginal likelihood criterion picks each model for three different sample sizes. As can be
seen, the model with the largest number of overidentifying moment restrictions My is selected

by the marginal likelihood criterion with frequency close to one even when n = 250.



Model M1 M2 M3 M4

n =250 099 0.01 0.01 0.00
n =500 0.99 0.00 0.01 0.00
n =1000 0.99 0.00 0.00 0.00

Table 6: Frequency (%) of times each of the four models in (4.3) are selected by the marginal
likelihood criterion in 500 trials. The DGP is the Poisson model given in (A.2).

B Assumptions

In this section we state the assumptions that are used to prove the theorems in the
paper. For completeness we also report Assumptions 1 — 4 that were already stated in the
paper. We start by stating the assumptions that are used in Theorem 2.1 and then the
other assumptions relevant for misspecification. As a consequence the numbering is not in

the order.
Assumption 1. Model (2.2) is such that ¢ € U is the unique solution to EF [¢4(X, )] = 0.

Assumption 2. (a) 7 is a continuous probability measure that admits a density with respect

to the Lebesque measure; (b) w is positive on a neighborhood of 1,.

The following two assumptions relate to the smoothness of the function g*(z, 1)), its

moments, and the parameter space.

Assumption 5. (a) X;, i =1,...,n are i.i.d. random variables that take values in (X,By)
with probability distribution P, where X C R%; (b) for every 0 < d, < d—p, ¢ € ¥ C
R? x R% where © and V are compact and connected and ¥ := © xV; (c) g(x,0) is continuous
at each 0 € © with probability one; (d) B [sup,cy g% (X, ¥)[|*] < oo for some a > 2; (e) A

18 nonsingular.

Assumption 6. (a) ¥, € int(V); (b) g*(z,v) is continuously differentiable in a neighbor-
hood L of 1, and B [sup,,cy [|0g* (X, ) /09| r] < 00; (¢) rank(T) = p.
Assumptions 5 and 6 are the same as the assumptions of Newey and Smith (2004, Theorem

3.2) and Schennach (2007, Theorem 3).

We now consider misspecified models.

Assumption 3. For a fived ¢ € ¥, there exists () € Py such that Q) is mutually absolutely

continuous with respect to P, where Py is defined in Definition 2.1.

Assumption 4. The prior distribution w is positive on a neighborhood of 1, where 1, is as
defined in (2.16).



In addition to these assumptions, to prove Theorem 2.2 we also use Assumptions 5 (a)-
(d) and 6 (b) in the previous section. Finally, in order to guarantee n~'/?-convergence of h\
towards A, and n~"/2-contraction of the posterior distribution of v around 1., we introduce
Assumptions 7 and 8. These assumptions require the pseudo-true values A, and 1, to be
in the interior of a compact parameter space, and the function g“(z,) to be sufficiently
smooth and uniformly bounded as a function of 1. These assumptions are not new in the
literature and are also required by Schennach (2007, Theorem 10) (adapted to account for

the augmented model).

Assumption 7. (a) There exists a function M(-) such that EX[M(X)] < oo and || g? (z, )| <
M(x) for ally € V; (b) X\o(¢) € int(A(Y)) where A(v)) is a compact set and X, is as defined
in (2.16); (c) it holds BY |sup,cy scap ¢ X9 < oo,

Assumption 8. Let 1, be as defined in (2.16). (a) The pseudo-true value v, € int(V) is

the unique maximizer of

Ao(0)EF [g4 (X, ¥)] — log EF [exp{ Ao (v) g™ (X, ¥)}],

where U is compact; (b) Sj(wi,v) = 029 wy,9) /0000, is continuous in ¢ for b € U,
where U, denotes a ball centred at 1, with radius n='/?; (c) there exists b(x;) satisfying
EF [supweuo SUD e () exp{flegA(X,w)}b(X)’”] < oo for k1 = 0,1,2 and ko = 0,1,2,3,4
such that [|g(ze, 9)|| < b(:), 10" (@1, )00 | < ble) and ||z, )| < blae) for jy1 =
L,...,p for any x; € (X,Bx) and for all Yy € Us.

C Proofs for Sections 2.2 and 2.3

In this appendix we prove Theorems 2.1 and 2.2 and Lemma 2.1. It is useful to introduce
some notation that will be used hereafter. The estimator ’(//)\ = (é\, v) denotes Schennach
(2007)’ETEL estimator of :

n

@E ‘= arg max l Z [X(zﬁ)’gA(xi, 1Y) — log % Z exp{X(@Z))’gA(xj, ¢)}] (C.1)

Yel n

1=

where :\\(77/1) i= arg minyega - >0 [exp{Ng*(2;,¢)}]. The log-likelihood ratio is:

n

o) = by (1) = log O e
nyp\ L) = bnpo(T) =108 - — log -
% Z?:l [GA(w)/gA(ggj,qp)] % 2?21 [eA(wO)IQA(J?jﬂ/)o)

. (C.2)
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C.1 Proof of Theorem 2.1

Denote by h := \/n() — 1,) the local parameter and Vy, := IA7IT. We denote by 7"
and 7*(+|71.,) the prior and posterior distribution, respectively, of the local parameter h.
Therefore, 7 (h) = n=%/?x (¢, + h/\/n), where dy, == (p + d,), and

m(ths + h/\/m) exp{log Pt )
f 7(1, + h/+/n) exp{log Z%W}dh

. O (i + b/ exp {bg

7"(h|r1y,) =

p(iﬁ;n’w* + h/\/ﬁ) }
P(T1n )

and we need to show (2.15) which is equivalent to

dh % 0.

Cn_lﬂ(% + h/\/ﬁ) exp {log P(T1p|ths + h/\/ﬁ)} . (27r)—d¢/2lvw*|1/2€{—h’Vw*h/2}
p(xln‘w*)

(C.3)
Remark that

dh

Gt + /i) exp {tog PV, gy, v

(1[0 + /)
p(x1:n|¢*)

<ot

n

b n(wexpl vz} an

(¥ + h/v/n)exp {log b

+ O | | exp{—h'Vy,h/2} — Cp(2m) "%/ 2|V |12 exp{—h'Vy, h/2}| dh

— T, +T,. (CA)

Term Z; 2 0 by Lemma C.1 below. Because Lemma C.1 implies that C,, % m(1,)(27)%/2|V,, |~/2,
then term Z, - 0 and this concludes the proof of the theorem.

Lemma C.1. Under Assumptions 1, 2, 5, 6 and (2.14),

/

7(¥e + h/ Vi) exp {log ng(’;”j wh; Vi) } — w(0.) exp{—H'Vy h/2} dh B0 (C.5)




Proof. Given any §,c > 0 we break the domain of integration into three regions: (I) A; :=

{hi b < clogy/}: (IT) Ay == {hiclog /i < [[B]] < dy/m}: (1) Ag = {hs [[B]] > 5y/m}.
We begin with Aj:

w@m.+h/v%>am{mgp“”"w@*”“V””}—wwwnexp{—hW@JMQﬂdh
As p(xlnhb*)
</ W(¢*+h/\/ﬁ)e{2f1(ln,w*+h/ﬁ(~’0z)ln,w*(xz))}dh_i_/ W(@b*)e{_hlw*h/z}dh.
As Az

The first integral goes to zero by (2.14). The second integral goes to zero by the properties
of the tails of a normal distribution. Let us consider A;. By (C.9) and (C.7) in Lemma C.2

we have, for a generic constant C"

/

SeCn—l/ﬂog\/E/ W(?/J*—i-h/\/ﬁ)
A

(T1n s + h/V/0)
P(T1:0]t04)

b n(w o1V, n/2}| an

T(Pw + h/y/n) exp {log £

oW Vi h/24Cn = 2 h2 _ ~h'Vig, h/2

dh + oy(log v/n/+/n)

+ / |7 (s + h/V/R) — m(,)| e Ve 2dh.
Ay

Because 7 is continuous at 1, by Assumption 2, the second integral goes to zero. Because
eCn 2RI _ 1| < Cn 2RI

Cn~'/2||h]|?| for a generic constant C, the first integral is

< sup (v, + h/ﬁ)/ e Vi h/2 eCn—l/QHhHQ _ 1‘
Ay

heA,

< sup 7(. + h/y/n) sup O 2l ‘C’n_l/2||h||2| e Vel 2dh = 0,(1).
hGAl heAl Al

Next, consider the last region of integration and use (C.8) and (C.9):

J

(mlan* + h/\/ﬁ)
P(T1:0]t4)

b ntwyexpt-nvinj2}| dn

T(Pw + h/y/n) exp {bg £



< O / (o )T (S Vo 2 g / (1) Vo2,

Az Az

(C.6)

The second integral can be upper bounded as (for a generic constant C' > 0):

/ m(yo)e Ve dh < 2m (et VIPmnVe) 2 (6 /n — clog v/n) < Om(4h) v

ncpmin (Vw* )/4
Az

so that by choosing ¢ > 2pu,, the integral goes to zero because, under Assumptions 5 (e)
and 6 (c), pmin(Vy.) is strictly positive, where ppin(Vy,) denotes the minimum eigenvalue
of the matrix V;,.. To control the first integral in (C.6), there exists a N such that for
alln > N: P (—h’Vw*h/Z K (% S L (2) — Vw*> h/2 < —h'Vy, h/4 for all h € Ag) >
1 — €. Therefore, with probability larger than 1 — ¢,

/ w4 By Vo b (i Bl o)V 2 g < sup (i 4+ /) / M
A2 A2

heAs

which converges to zero as n — oo. Finally, by putting these three results together we show

(C.5).

0
Lemma C.2. Let Assumptions 1, 2, 5 and 6 hold and denote h := \/n(¢ —.) and Vi, :=
AT, Then,
p(wlanJ* + h/\/ﬁ) 1 / 2y,,—1/2
lo = ——h'Vy h+ O, ((||h|| + |R||*)n~1?). C.7
8 ) 5 Vs p(([[2]] + [A]7)n =7 (C.7)
Proof. Denote dy := (p + d,), TN, 3) = A W'g* (@) and oY) =1 Sy 17( ;).

Moreover, let GA(z,1,) := dg*(x, v )/(%Mw:d} be a matrix of dimension d X dy. A ﬁrst order
Taylor expansion of h + log p(x1.,|10«+h/y/n) around h = 0, with Lagrange remainder, gives:

p(1ltbe + h/y/m) 1
log <l'1n|¢*) \/_ Z ln s xl h + Z h ln v ‘rl (08)

where by, (2) = (@) /00 yy s Lo (@) = Ploy(2)/(000Y)],_,, and ¢ = ¢. +



th/y/n, t € [0,1]%. Simple computations give:

I , 1 < TN\ [~ AN,
%;ln7w*<xi)h = ﬁ; (1_ Tn(B\\J/J*) ) (A(iﬁ*) GA(%%)JFQA(%%) diﬂ' )h

= 0,(n"|h]) (C.9)

since under Assumption 5, A(1,) = O,(n~'/2) by Newey and Smith (2004, Theorem 3.1)
N T(X,%,xi)

Tn()‘ﬂp) /\
theorem and strict convexity of A\ — £3°.  exp{Ng*(xz;,4)}). Denote Ai(\ ¢, z;) =

(MY GA @i, 1) + g (w1, 9) D). Then,

and |1 = 0,(n"'/2) by continuity of ¥ — A(¢) (due to the Birge’s maximum

1 ¢ 7 _ W & wt,% 4~ g] (i, 94)
n Zhln’wt(xi)h T n < (1 (N, ) ) <g)\ () oY
5\ d

dX(wt)/ A dA(¢y) A dQX'(wt)
+ ( i) + GO (x 'L;wt) d +;gj (24, ) dw]dw/ )h

/1 - T<X7wt7xz) T(Xﬂ/ft,%)l - N N / N
3 (RS A e TRl b G ) A

:_h/%Z TN e, 1) dA(,) 4

T\ t) A 9" (i, 00)g " (s, ) (¢)h+op(y\h”2nfl/z)

i’
= —WT'A7'Th+ O,(||h|*n~ %) (C.10)

because: (i) under Assumption 5, A(¢,) = O,(n"Y/2) by Newey and Smith (2004, Theo-

% = 0,(n"'/%) by continuity of ¢ A®) (due to

the Birge’s maximum theorem and strict convexity of A\ — %Zi:l exp{Ng”(z;,¥)}); (ii)
T (N e, ;)™ (25, 1b) = Op(n~1/2) by the results in (i) and Newey and Smith (2004,
Lemma A.3); (1) d’zh;p,t = AT +0,(n"Y?) (by Assumptions 5 (b) - (d) and 6 (b) - (c)).
By replacing (C.9) and (C.10) in (C.8) we get the result of the lemma.

rem 3.1) so that SUD, o s |1

C.2 Proof of Theorem 2.2.

The main steps of this proof proceed as in the proof of Van der Vaart (1998, Theorem 10.1)
and Kleijn and van der Vaart (2012, Theorem 2.1) while the proofs of the technical theorems

and lemmas that we use all along this proof are new. Let us consider a reparametrization of
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the model centred around the pseudo-true value 1, and define a local parameter h = y/n(y —
1,). Denote by 7" and 7"(-|z1.,) the prior and posterior distribution of h, respectively.
Denote by @, the normal distribution N, Ao Vi and by ¢, its Lebesgue density. For a
compact subset K C RP such that 7"(h € K|x1.,) > 0 define, for any Borel set B C ¥,

7 (K O Blr1.,)

h R
Tl Blen) = )

and let ®X be the ®,, distribution conditional on K. The proof consists of two steps. In
the first step we show that the Total Variation (TV) norm of 7% (-|z.,) — ®X converges
to zero in probability. In the second step we use this result to show that the TV norm of
7(:|x1.) — ®,, converges to zero in probability.

Let Assumption 8 (a) hold. For every open neighborhood U C W of ¢, and a compact
subset K C RP, there exists an N such that for every n > N:

%+K% cu. (C.11)

Define the function f,, : K x K — R as, Vky, ks € K:

¢n(k2)3n(l€1)ﬂh(k1))
O (k1) sn (k)T (k2) )

folky, ko) == (1 -

where (a); = max(a,0), here 7" denotes the Lebesgue density of the prior 7" for h and
$n(h) == p(x10|ho + h/\/1) /p(21.0]1s). The function f,, is well defined for n sufficiently large
because of (C.11) and Assumption 8 (a). Remark that by (C.11) and since the prior for
puts enough mass on U, then 7" puts enough mass on K and as n — oo: 7(k;) /7" (ko) — 1.
Because of this and by the stochastic LAN expansion (C.16) in Theorem C.1 below:

w(ke)su(k)m" (k) _ 1 : 1 :
zngkiizngk;;:hgk;; B _§(k2 B An’wo) Vwo (k2 N An’wo) + §(kl B A”ﬂ/’o) Vl/)o<kl - An,wo)

1 1
+ K Vi Apg, — §k'1V¢Ok1 — KV, Ay, + §k§V¢ok2 +0,(1) = 0,(1). (C.12)

log

Since, for every n, f, is continuous in (k;, k2) and K x K is compact, then

sup  fo(ki, ko) 50, as n — oo. (C.13)
k1,ko€eK

10



Suppose that the subset K contains a neighborhood of 0 (which guarantees that ®,,(K) >
0 and then that ®X is well defined) and let =,, := {7"(K|z1.,) > 0}. Moreover, for a given
n > 0 define the event Q, := {supy, r,cx fu(k1,k2) <n}. The TV distance || - |7y between
two probability measures P and (), with Lebesgue densities p and ¢ respectively, can be
expressed as: ||P — Qllrv = 2 [(1 — p/q)+dQ. Therefore, by the Jensen inequality and

convexity of the functions (-),

1 dOE (k)
—EP|| oKX — 7 (21 lg .= = EF 1— ——n2" ) drl(kylayn,)1
5 H n 7TK( |131. )HTV QnNZEn dnK bmﬂ) . ( 2|I1 ) QN

/ / fulky, ko)dDE (ky)drh (ky|z1.0) 10, 2,

E” sup fn(k1,k2)19m_n (C 14)

kl koe K

that converges to zero by (C.13). By (C.14), it follows that (by remembering that || - ||y is
upper bounded by 2)

E7|ric(|oin) — @ llrviz, < EPfmk (o) — @ lrvia.nz, + 2P(Q N Z,), (C.15)

where the second term is o(1) by (C.13). In the second step of the proof let K, be a sequence
of closed balls in the parameter space of h centred at 0 with radii M,, — oo and redefine =,
accordingly. For each n > 1, (C.15) holds for these balls. Moreover, by (C.18) in Theorem
C.2 below: P(Z,) — 1. Therefore, by the triangular inequality, the TV distance is upper
bounded by

E” |7 ([x10) = @nllry < E7|7"(|21n) = Pullrvlz, + EX7"(|21m) — Pallrvlzg
< E"|7t(fern) — 7k, Clzea) oy + E |7k, (i) — S5 vz,
+E7®) — @,y + 2P (Z5)
< 2E"(me, ([21:n)) + BV e (21:0) — @57 112, + 0(1) 0

since EP(n"(K¢|x1.,)) = o(1) by (C.18) and EP |7} (‘|lr1,) — ®Er|rvle, = op(l) by
(C.15) and (C.14), and where in the third line we have used the fact that: EF||7"(-|z1.,) —
e (o) llry = 2B (e (-|71n)) and [|@K — &, [l7v = |47 |7y = 0p(1) by Kleijn and
van der Vaart (2012, Lemma 5.2) since A,, 5, is uniformly tight.
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The next theorem establishes that the misspecified model satisfies a stochastic Local

Asymptotic Normality (LAN) expansion around the pseudo-true value v,.

Theorem C.1 (Stochastic LAN). Assume that the matriz Vy, is nonsingular and that As-
sumptions 5 (a)-(d), 6 (b), 3, 7, and 8 hold. Then for every compact set K C RP,

Sup log p(xlznh/}o + h/\/ﬁ) o hl

1
V. Apv + =WV h| 20 C.16
heK p(xl:n‘wo) v v 2 v ( )

where Vs is as defined in (2.16), Vi, = —EP[£,4.] and A, = \/Lﬁ Yoy szlﬁn,wo(xi) is
bounded in probability.
Proof. See Appendix E.

O

The next theorem establishes that the posterior of 1) concentrates and puts all its mass
on W, :={||vp — || < M, /+/n} as n — oo.

Theorem C.2 (Posterior Consistency). Assume that the stochastic LAN expansion (C.16)
holds for 1, defined in (2.16). Moreover, let Assumptions 2 (a), 3 and 4 hold and assume

that there exists a constant C > 0 such that for any sequence M, — oo,

1 & CM?
P sup — Ly () — L, (25)) < — Ll =1 C.17
(%5%712( o) = b () < == ) (1)

i=1

as n — oo where W, := {||v — .|| < M, /\/n}. Then,

T (V[ = Yol| > M| 21:) 5 0 (C.18)

for any M,, — o0, as n — oo.

Proof. See Appendix E.

C.3 Proof of Lemma 2.1.

By Theorem 10 of Schennach (2007), which is valid under Assumptions 5 (a)-(c), 3, 7
(c), (e) and 8: \/n(v) — 1) = O,(1). Denote hi=/n(t — ) and h := A, .. Because of

12



(C.16), we have:

n

1 . 1~ o~
Z (lnﬂl}o-‘rﬁ/\/ﬁ - ln,wo> (z;) = % Z W Lo (i) — éh’V%h + 0p(1) (C.19)
=1 =1

Z <lnﬂbo+ﬁ/\/ﬁ - l”ﬂ/’O) (‘TZ) = ﬁ izlﬁlgn,wo (Iz) + Op(1>~ (C20)

=1

By definition of ¢ as the maximizer of oy lnw(x;), the left hand side of (C.19) is not
smaller than the left hand side of (C.20). It follows that the same relation holds for the right
hand sides of (C.19) and (C.20), and by taking their difference we obtain:

1 - 1 n . ' ~ ]_ n .
—— | h=—=> Ve ()| Vi [h——= V€, (z:) | +0,(1)>0. (C21
2( ﬁZl e oo ( )> ¢< \/EZZI o S ( )) p(1) (C.21)

Because —V, is negative definite then

1~ 1 . S SO R .
e =S @) | Vi (A =S v, () ) <0,
2( \/ﬁ; RN )) » ( ﬁ; L ( ))

This and (C.21) imply that HVJ;Q (ﬁ — \/Lﬁ Yo szlﬁn,wo(xi)) H % 0 which in turn implies
that

~ 1 <& .
h——Y V18 .. (z) ]l 20

which establishes the result of the lemma.

D Proofs for Section 3.3

In this appendix we prove Theorems 3.1 and 3.2 and Corollary 3.1. The proofs of The-
orems 3.1 and 3.2 have already been stated in the Appendix of the paper but for easiness
of reading we give them also here. For the same reason we remind the notation already
introduced in the Appendix of the paper. Recall the notation ¢ = (6, v%) and the estimator
Ot = (0°,7") denotes Schennach (2007)’ETEL estimator of ¢¢ in model M;:

n

! = arg max % 7AW gt (i, 0") — log % > exp{AW") g (x5, 4)} (D.1)
=1 j=1
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where :\\(@b[) = arg min, cpa % Yoy [exp{)\’gA(xi, 105)}] Denote g4 (yf) := % Yoy g (s, "),
g =g (Y,

L(9*) = exp{A(@*) 3" (")} [ Zexp{A )97 xz,wf)}]

and L(¢%) = exp{\.(¥*)EF]g A(:E O]} (EF [exp{X (wf)’gA(x,W)}])_l. Moreover, we use
the notation ¥, = (I‘QAZIFK) where I'y := EP [aw A(X, @Df)} and A, := EP[g4(X, ) g (X, L))
In the proofs, we omit measurability issues which can be dealt with in the usual manner by

replacing probabilities with outer probabilities.

D.1 Proof of Theorem 3.1

By (3.5) and Lemmas D.1 and D.2 below we obtain

P (r?jxlogm(xln, M) < logm(zy.,; M])) = P(r?jx [— —gg ‘AL —|— 10g7r(17/b\e\]\/[g)
J J

De + dv 1
-t ) g —10g(2m) + 105 [50] + 25 ATG +0,(1)
~. i+ dy. 1
<logm(¢’|M;) — %(logn — log(27)) + 5 log ]Ej\). (D.2)
Remark that ng’ A~'g# < XZ—(pj+d > V4, so that ng A71gt = O,(1). Suppose first that
vj

(pe +dy, > p; +dy,), VL # j. Since —ngt A71g < 0 for every E, we lower bound (D.2) as

P (rggxlogm(rcm;Me) < logm(21:n; M; )) > P( AT 4 0,(1)
J

< logn [minﬁ?ﬁj (pf + dw) Z d’Uj B man;ﬁj (pé + dvz) —DPj — d'Uj) 10g(27’(’)
2 2logn
1 (V| My) [ (7| M 1
o /P L (i g )
logn 2logn
Mgl n 1~ ming;(pe + dy,) — pj — do, _
= P( 5934 AT+ 0,(1) < logn d 22 ? + O, ((logn) 1)] ) (D.3)
~7, —71,

Because Z,, = O,(1) (and is asymptotically positive) and ZZ,, is strictly positive as n — oo
(since (p¢ + dy,) > (p; +dy,), V€ # j) and converges to +oo, then the probability converges

to 1. This proves one direction of the statement.

14



To prove the second direction of the statement, suppose that lim,,_,o, P(max,.; logm(z.,; My) <
log m(z1.,; M;)) = 1 and consider the following upper bound (which follows from (D.2) and
the fact that ng' A='gt > 0, Vn):

P (I?EXIOgm(xlm Mf) < 1Ogm(x1:n; M]))
J

< P (logm(z1.0; My) < logm(z1.,; M;)), VUl £ g

Top A 1~ (p+dv)_(p€+dv) 1 .
< _"~A 1~A J i 0
< P( 5 i Ay, —i—op(l)—i-logn[ 5 +0, Tog } <O>7 Ve # .

(D.4)

Because the probability in the first line of (D.4) converges to 1 as n — oo then, necessarily,

the probability in the last line of (D.4) converges to 1 which is possible only if (p; + d,;) <

i+dy)— dy . . . . ~A' ~ .
(pe+d,,) because logn s ’)2 Petdd)] s the dominating term since —2g;" A~'g;* < 0 and it

remains bounded as n — oo. Since the first inequality in (D.4) holds V¢ # j then convergence
to 1 of the probability in the last line of (D.4) is possible only if (p; + du,) < (pe + dy,),
Ve # j.

O

D.2 Proof of Theorem 3.2

We can write log p(z1.,|¢% M;) = —nlogn + nlog E(W). Then, we have:

P (log m(x1n; M) > maxlog (L1 Me)) = P(ﬂ log L) +log (12| M;) —log 7 (12|10, M;)
J
> max(n log L(6¢) + log m(u£| Me) — log (¢ 21, Mo)] )

]
L(d) L(!)
L(y2) L(yf)

= P<n log L(17) 4 nlog + B, > max [n log L(1%) + By + nlog D (D.5)
where Y/, B, = logm(¢t|M,) — logm(¢8|71.0, My) and B, = O,(1) under the assump-
tions of Theorem 2.2. By definition of dQ*(v) in Section 2.3 we have that: log L(¢f) =
BP[log dQ* (1) /dP) = —EPlog dP/dQ*(4)] = — K (P|[Q(4)). Remark that E[log(dP/dQ"(12))] >
E”[log(dP/dQ*(1}))] means that the KL divergence between P and Q*(v!), is smaller for
model M; than for model Ms, where Q* (%) minimizes the KL divergence between Q € Py

and P for ¢ € {1,2} (notice the inversion of the two probabilities).

15



First, suppose that min,z; E [log (dP/dQ*(¢}))] > E” [log (dP/dQ*(¢?))]. By (D.5):
p (logm(:cm; M;) > maxlogm(zyn; Me)) >
L(¥)) L(v?)

P | log ——=% —maxlo
Sy B L)

1 .
—(B; — max By) > maxlog L(¢¢) —log L) | . (D.6
+ —(Bj — maxBy) > maxlog L(1),) —log L(¢5) | - (D.6)

-

=T,

This probability converges to 1 because Z,, = K (P||Q*(¢?)) — mingz; K(P||Q*(x%)) < 0 by
assumption, and [log E(@//) — log L(W)} 20, for every ¢ € U and every ¢ € {1,2} by
Lemma D.3 below.

To prove the second direction of the statement, suppose that lim,,_,., P(logm(xy.,; M;) >
maxyz; log m(x1.,; M) = 1. By (D.5) it holds, V¢ # j

P (log m( 1.5 Mj) > 1122?{ log m(x1.p; Mg)) <
J

L()
L(v)

Convergence to 1 of the left hand side implies convergence to 1 of the right hand side which

BTl L

P(l L(v2) 1 L(vs) + %(Bj — By) > log

). (D.7)

is possible only if log L(¢Y) — log L(¢)?) < 0. Since this is true for every model ¢, then this
implies that K (P||Q*(11)) < ming; K(P||Q*(1¢)) which concludes the proof.

D.3 Proof of Corollary 3.1

We can write log p(z1.,]1%; M;) = —nlogn + nlog E(wz) Moreover, denote by S, :=
{j; M; does not satisfy Assumption 1} the set of indices of the models that are misspecified
and by S¢, its complement in {1,2,...,J}.
First, suppose that lim,_,o, P (logm(x1.,; M) > max;z logm(z1.,; M;)) = 1. Then, be-
cause max;; log m(z.,; M;) > max;zi;jese logm(w1,; M;),

J#1

P (log m(x1.,; My) > maxlog m(xq.,; M]))

§P<logm(az‘1;n;M1) >  max logm(mlm;]\/[j)> (D.8)
J#1;,jESE,

16



which implies that the probability on the right hand side converges to 1 as n — oo. Then
by Theorem 3.1, we necessarily have (p1 +d,,) < (p; +d,,), Vj#1,j €Sy,
Next, suppose that (p1 +d,,) < (p; +dy,), ¥j # 1. Define the event

A::{ max logm(z1.,; M;) > max logm(xlm;Mj)}.

j#£1; €8¢, J#LjESm

Because all the models M; with j € S¢, have K(P||Q*(¢)) = 0 (because they are correctly
specified) then lim,,_,o, P(A) = 1 by Theorem 3.2. By the Law of Total Probability we can

write

P (1Ogm(x1:n;Ml) > mjlxlogm(xln,M])) = P(logm(xln,Ml) >
J

A)P(A) + P (log m(xyn; My) > mjﬁlog m(x1.; M;)
J

AC> P(A°)

max log m(x1.,; M;)
i#1

> P (10gm(951;n;M1) > mjdegm(xlzn;Mj)
j

A) P(A)

J#LJESE,

=P (logm(mlm;Ml) >  max logm(a:lm;]\/[j)) P(A) (D.9)

which converges to 1 by Theorem 3.1.

D.4 Technical Lemmas

Lemma D.1. Let Assumptions 1, 5 and 6 hold for 1*. Then,

~ TN A v 1~
logp(xlmh//; M;) = —nlogn — ng A, 1924 +0, (1)

2
Xd* (pZ +dvg

5 +0,(1) (D.10)

= —nlogn —

where XZ—( ) denotes a chi square distribution with (d — (pe + d,,)) degrees of freedom.

p£+dv£

Proof. See Appendix F.

Lemma D.2. Let Assumptions 1, 2, 5, 6 and (2.15) hold for 1*. Then,

~ +d,
—log (P My) = — 2t D)

1
log n — log(2m)] + 3 log |X¢| + 0p(1).
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Proof. See Appendix F.
O
Lemma D.3. Let M, be a misspecified model (that is, a model that does not satisfy Assump-
tion 1) and let g*(x,v") and ¥* be the corresponding moment functions and parameters.
Then, under Assumptions 5 (a)-(d), 3 and 7,
exp{AW) G (W)} exp{Ao (V) E" [ (&, 0]} |

sup |log — log — 0.

Plew! % Yoy exp{X(W)’gA(xi, )} EF [exp{ A (¢*) g (x,¢) }]

Proof. See Appendix F.

E Proof of Theorems C.1 and C.2

E.1 Proof of Theorem C.1

For a vector z and a scalar § > 0 we denote by B(z,d) the closed ball centred on z with
radius 9. In this proof we use standard notation in empirical process theory: P, := % Yoy O,
where §, is the Dirac measure at x, and G, f = /n(P,f — EFf) for every function f.
Moreover, we use Van der Vaart (2002, Theorem 6.16) which we report here for convenience

(in a slightly modified version):

Theorem E.1 (Theorem 6.16 in Van der Vaart (2002)). Let F,, be classes of measurable
functions (that may change with n) such that P(ﬁ € F.) — 1 and such that: (i) the
bracketing integral J;y(0,, Fr, Lo(P)) — 0, for every 6, | 0, and (i) its envelope functions
satisfy the Lindeberg condition. If EP[(]?H — f0)?] = 0 in probability for some fo € Lo(P)
then Gy (fn — fo) 5 0.

The maps @ + l, y, () and © + 1, . 4n//m(2) are random functions, that is, measurable
functions that, for a fixed z, are functions of the observations x, ..., x,. By writing P, [l,, ;]
and EF[l,, 4,] we mean the (empirical and true) expectations of the function z + I, 4, ()
with (21,...,2,) kept fixed (and similarly for [, ;, 1,/ /n(2)). Denote by L. () and [, 4. ()
the first and second order derivatives of the function ¢ +— [, ,(x) evaluated at ¢, (where we

leave implicit the argument z).
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A second order Taylor expansion of [,, 15,5 around h = 0, for a fixed x, gives

B 1 .
lnﬂbo-ﬁ-h/\/ﬁ = ln,wo + %ln7'¢'o + %h/lnﬂboh + Rem. (E]_)

By continuity of the map ¢ ~ [, ,, (which is valid under Assumption 5 (¢) and by the Birge’s
maximum theorem and strict convexity of P, exp{Ng*(z,1)}), the reminder term Rem is
of order o,(||h||?/n) since Iy, = Ln.p, + 0,(1) and £, = O,(1) under Assumptions 7 and
8 (see Schennach (2007, proof of Theorem 10)).

We consider the empirical process

Gy <\/ﬁ(ln,wo+h/ﬁ —lny.) — h'in,wo>

=1 Py (Lo sn/vin — lne) — E” (Lyyoin i = ) — WGuiny, (BE.2)

where, according to the definition of random functions given just above:
Pn[lnvwo] = - Z /\ l’z, ) log P, [ex(wo)/gA(xjva)] 7
and E’[l,.] = E° P(m)'gﬂx, )| log B, [ Ao

(and similarly for the other functions). The Markov’s inequality and (E.1) imply that

G, ( h'snwoh) + oy ([1H]1)

(’G ( Mot/ = ) = hlzn,wo)‘ )< 7EP

that converges to zero since £, 4, = O,(1) under Assumptions 7 and 8. This shows that
the sequence G, (\/ﬁ(lnﬂpﬁh/ﬁ — o) — h’l.mwo) (seen as a stochastic process indexed by
h) converges in probability and then (marginally) in distribution to zero. Next, we have
to make this result uniform in h, that is, we have to show that the sequence of processes
G, (\/ﬁ(ln,wﬁh/ﬁ — ) — h/in,zbo) converges weakly in the space [*°(h; h € K) for a com-
pact set K C RP. To show this we intend to apply Theorem E.1 given above. The proof
consists of three steps where each step verifies the assumptions of Theorem E.1.

In the first step, we verify (i) in Theorem E.1 and we define a suitable class of func-
tions that changes with the sample size n. Denote 7,(\, ¥) := P, [ex(’”)'gA(“}’w)], T\ o) 1=

EP |eM®e)a*(X¥0) | and consider the class of functions
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Fipym = {)\/19‘4(95,7/J)—X29A(5U>%)—10{%(7'1/7'2); T EB (7-<)\177/})7 %) ; A1 € B(As(v), 1/\/5)3

1 1
€ B (700 00), 7= ) i da € BOW(o), 1/V): 16— ol < —=}. (B3
n e B (r0u) 72 ) e € B VA o - el < =) (B3
By Lemma E.1, the bracketing integral Jjj(d,, v/nFi, m, L2(P)) of the class \/nFy, m con-
verges to zero as 0, — 0. This satisfies assumption (i) of Theorem E.1.

The second step of the proof consists in finding an envelope function for the class \/nFi, sz
and in showing that it satisfies the Lindeberg condition (this is assumption (i) in Theorem

E.1). Lemma E.2 shows that [, (z) is an envelope function for the class F,, s, where

1 1
Fan(e) i= = (Cunble) 4 Canllg (o 00l + 5 —Co

where b(x) is the function defined in Assumption 8 (¢) and C;,, > 0, i = 1,...,4 are

sequences of positive and bounded constants that depend on v, and A.(,). It follows that
Vs (x) is an envelope function for the class \/nFi, 5. The function /nFy,(x) satisfies
the Lindeberg condition if:

nET[F,(X)?Y] < oo
nE” [Fy,(X)*H{y/nF,(X) > ey/n}] — 0, for every £ > 0.

Under Assumption 8 (¢), nE[Fy,,(X)?] < oo holds true. The second Lindeberg condition is
easily satisfied since nE” [Fy,,(X)21{\/nFs,,(X) > e\/n}] < ny/EF [Fy,(X)4\/P (Fon > €)
which converges to zero for every € > 0 because P (Fy, >¢) — 0 as n — oo and, under
Assumption 8 (¢), BY [F}, (X)] = O(1).

Finally, we verify the last requirement of Theorem E.1. Remark that under Assumption

8 (¢)

EP (1l .2 = B (1S5, 0 1] + o [1]) < o0 (E4)

because EXtr (L4, Q;L’wo) can be shown to be bounded under Assumption 8 (¢) by following
the last part of the proof of Schennach (2007, Theorem 10). Moreover, by a first order Taylor
expansion of l,, 4,/ /m around h, by continuity of the map v + I, ;,, Assumption 6 (b) and
(E.4), we have: E” [\/ﬁ (Lo tnym — lnws) — h‘/l.n;'l/}oi|2 = o(1). Therefore, by Theorem E.1
we conclude that

Gn <\/5(ln,wo+h/\/ﬁ — lny,) — hlin,wo> =0
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uniformly in h over a bounded set. Hence, by rewriting this as in (E.2) we see that

n

D nwesnin = ) (@) = Gl by, = nE (L ysny i = ns) = 0p(1). (E.5)

=1

By using (E.1) we obtain:

_Gnh/jn,zpo_nEP(ln,wo+h/\/ﬁ_ln,wo) = —\/ﬁpnh/l‘mwo—i—\/ﬁEPh/l'n,%—nEP(ln7¢O+h/\/ﬁ—ln7wo)
. . . 1 .
= —/nP, Wy, + VIEF [N, 0] — VRE W, 4] — 5h’EP[ln,wo}h + 0,(1)

. 1 .
= —/nP, Ry, — 5h’El"[zn,%]h +0,(1) (E.6)

and by replacing this in (E.5) we get:

n

1 <, 1 .
> ngorsnysis = b)) — 7 ; Wl (i) — §h/EP[ln,wo]h = 0p(1). (E.7)

i=1

Because the 0,(1) is uniform in h, this establishes (C.16) with Vi, = —EP[£,, . ] and A, ,, =
Zl V. Sn o (1) if Vi, is nonsingular since 1, y, = £, +0,(1) and I, 5, = £, +0,(1).

O

Lemma E.1. Denote Tn(X, ) =P, |:e/):(¢)’gA(x,w)i| , T(j\ Y) =EF [ AW)'g* (X, w)} and consider
the class of functions F, 5 defined in (E.3) where A, and v, are as defined in (2.16). Under
Assumptions 5 (a)-(d), 3, 7 (a), (c), and 8, the bracketing integral Jjj(0n, /nF1) /m, Lo(P))
of the class \/nJFy, s converges to zero as 6, — 0:

On
I (8, V/IF ) yis La(P)) :/ \/logNH(gﬂFHp’Q,\/ﬁfl/\/ﬁ,Lg(P))de—>O (E.8)
0

as 0, — 0.
Proof. The class F;, s is indexed by a compact subset B := B <T()\1, W), \%) X B(Ao (1), \/Lﬁ) X
B <7’()\2,77/JO), \%) X B(Ao (1), \/iﬁ) X B(1)o, \/%7) C Rp+&o 242 Theorem 10 in Schennach

(2007), which is valid under Assumptions 5 (a)-(¢), 7 (b)-(c) and 8 (a)-(c), shows that
Tn(/):, ) B 7'(/)\\, 1Y) and X(w) 2 Xo(¥) at the rate 1/y/n, hence we can write 7,(1)) €
B(r(\w),¢),1/v/n) and A(¥) € B(Ao(¥),1/+/n) with probability approaching 1. There-
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fore, P (ln7wo+h/\/ﬁ — by, € ]-"1/\/7;) — 1. For every fo, fy € Fi/ym:

| fa(z) = folz)| =
(X ag™ (@, 00a) = Ny og™ (2, 106) — 10g(T1,.0/Taa) = N pg™ (2, 00) 4+ Ny pg™ (2, 00) + log(716/720)|
< Al 19 (2, 0a) = g (2, )1l + 1A1a = Msll g™ (2, 00) || + [[A2ia — A2l lg™ (2, 0) |

— |log 11,4 — log 71| + | log 2, — log 7o |

The following results hold by compactness of B® and continuity of ¢ +— g¢*(x,) (under
Assumption 5 (¢)): (i) ||M.a]| < C for a generic constant C' > 0 since |\ (¢)| < oo; (i)
9% (2, th0) — g ()| < (199 (. 50| [ha — ] for some 7 om the line joining ¢, and ¥,
by the Mean Value theorem; (iii) ||A1a — A1p]| < 2/4/n because Ay 4, Ay € B(Ao(¥), 1/4/1);
() |log T, —logTis| < |74 — T1p|/T1 for some 7; > 0 between 71, and 71, by the Mean

Value Theorem (and similarly for |log 7, —log 7a4|). By using all these results:

fole) = fu@)| < [Cl0g* (@, 9)/0%] +2 (lg” (o, )l + g™ (@ )l + 71" +757)]
1 1

< [(C+2/vn)b(x) +2 ([|g* (@, o) | + 71" +751)] NG =: F(x)\/ﬁ

where the second inequality follows by the Mean Value Theorem applied to ||g*(x,,)|| and
Assumption 8 (c) that implies that ||0g*(x, 1) /0| < b(z) for every ¥ € B(ws,1/y/n).
Remark that under Assumptions 5 (d) and 8 (¢):

EF[F(2)%] < 2(C +2/vn)*EX [b(X)?] + 16E||g” (z, 1. )||* + 16(F;* + 75 1) < co.

Therefore, by example 19.7 in Van der Vaart (1998), there exists a constant K independent
of € and n such that the bracketing numbers of the class of functions F, 5 satisty

1
O<e< —

Jn

ptdy+2d+2
diamB )
)

1F M P2, Fi/vms L2(P)) <K ( -
e

where Lo(P) denotes the Ly space of square integrable functions with respect to P and || || p2

=~ ptdy+2d+-2
denotes the norm in this space. Remark that diamB = 2/y/n so that <dwm3)

n

(2/)P 4242 Then, the bracketing numbers of the class of functions \/nJF, //n Satisty

1
NIl ViFym La(P) < K (/P 45942, 0<e< oo (B9
n
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Let us compute the bracketing integral of the class \/nJF; N

(Sn
Jy(Gns Fy i La(P)) = / V102 N (EllF L2, v/ Fy i, Lo(P))de
0

< / \/logK +log (2/e)P T2 20e 50 as b, = 0

where the last inequality follows from (E.9) and proves the lemma.
O

Lemma E.2. Denote Tn(/):a V) =P, [ Aw)'s A(M’] ( Vo) = [exw")/gA(X’%)] and con-
sider the class of functions F, s defined in (E.3) where A\, and v, are as defined in (2.16).
Under Assumptions 5 (a)-(c), 3, 7, and 8, the function

1
vn '

is an envelope function for the class F, s, where b(x) is the function defined in Assumption

Fyp(x) =

(Cl,nb(:c) + Conllg™ (@, 00|

8 (c) and C;,, > 0,i=1,...,4 are sequences of positive and bounded constants that depend
on Yo and N (1s).

Proof. First, remark that every f € Fj, s satisfies

[f(x)l < sup sup  [[Alllg” (@, ) — g7 (2,0
=t | <n=1/2 XEB (Ao ($),1/v/)

n — 7

+  sup sup sup 1A = Rallllg™ (a, wo) | + (E.10)

[¥=toll<n=1/2 Mi€B(Xo(¥),1/v/n) A2€B(Xo(0),1/v/n)

for m € B(r(A,v),1/y/n), m B(1(A2,15),1/4/n), A1 € B(XA(¥),1/4/n) and Ay €
B(X\o(15),1/+/n) since log mo/m < (7'2 — 711)/71. Next, we bound each of these terms sepa-
rately.

Let supjy_y. j<n-1/2 SUP e B (1).1/vm) 1Al =0 C1n < 00, Remark that by the implicit
function theorem for vector valued functions applied to the first order condition for A, the
function ¥ — A.(¢) is continuously differentiable in a neighborhood of .. Therefore, for
every A1 € B(A(¢),1/y/n), Ay € B(Ao(10s),1/+y/n) with ¢ € B(1,,1/+/n), by the triangular
inequality and the continuity of A, there exists a NV such that Vn > N

A= Aafl < []Ar = A (@) + [1Ao(92) = Ao (o)l + [[A2 = Ao (¢06)
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2
o
1
— |2
= VU s, 15) -

where the second inequality follows from the Mean Value theorem with 1) being on the line
joining ¢ and 1,. Remark that Cy,, is a sequence of positive and bounded constants which

depends on 1),. By similar arguments we have that for every 7 € B (7'()\1, V), \%) and 75 €

B <T(A2,¢O), %ﬁ) with A1 € BOw(¥),1/Vn), Ae € BOo(), 1/y/A) and ¥ € B, 1/4/7):

71— 7| < |1 — 7L )|+ 7ML Y) — T2, ¥o)| + |72 — T(Aay o)
Dg* (X, )
TH] [ — 4o |

+ B[N V) gA X ) ][ A = Aol

2+Cln
=V m

< +EP | M9 50\

S

EP

sup sup e’\llgA(X’wb(X)
[ —1oll<1/v/n A1 EB(Ao(¥),1/v/n)

+E”

sup sup sup sup N9t (X WYo)p(X)
t€(0,1) pEB(¢o,1/v/n) M EB(Xo(9),1/v/n) A2€B(Ao(¥o),1/+/n)

= ﬁC&n
where 9 is between 1) and 1o, A = tA; + (1—t)Ag, t € (0,1) and Cj,, is a sequence of positive
and bounded constants by Assumption 8 (¢) which depends on v, and A,. Therefore, by
this result and since log 7o /7 < (7o — 71)/71, 71 is uniformly bounded away from zero over a
compact set: |log /7| < ngvn for some strictly positive constant 0 < Cy,, < oo that
lower bounds 75 uniformly. Therefore, by replacing everything in (E.10) we get, V.f € Fy/

C3n

7@ < C, o

~ 1
99" 0)/00 e = vl + = Conllg* (@, )l +
1

< (cl,nb@c) + Collg (1, 00)

~Can) = Funla)

where in the last inequality we have used Assumption 8 (¢) that holds for every ¢ in

B(¢s,1/y/n). Therefore, I, ,(x) is an envelope function for the class 7y, 5 and this con-
cludes the proof.
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E.2 Proof of Theorem C.2

Define the events Ay 1 := {supyepe + > iy (ln(25) = by, (2:)) < —CM?/n} and
P(x1n|Y) oMz
Ano =4 | B npyd(y) > e CM2
: {/ Pl M)
By (C.17), P(45,;) — 0 and by Lemma E.3 below, P(Aj,,) — 0. Therefore,

EP [77 (\/5”7# - 1/)*|| > Mn‘ xl:n)} < EP [77 (\/E||¢ - Qﬁ*” > Mn‘ xl:n) } An,l N An,ﬂ

X P(Ap,1NA,2) +0o(1)

f p(z1:n]1) 7 (1) dy ]
- £Fn§giﬂzfn@®d¢;'AnerAn; P(An1 M0 Anz) +o(1)
U p(Z1:n ) i
< eiCM?QLW(\I/fL)EP Mﬂ(’l/})dw An,l N An,Q P(An,l N An,2) + 0(1>
N p(l‘1n|¢*)

< e OMEOME 2 (W) P(Apy N Apa) 4+ 0(1) = o(1) (E.11)

which proves the result of the theorem.
O

Lemma E.3. Assume that the stochastic LAN expansion (C.16) holds for 1, defined in
(2.16) and that Assumptions 2 (a), 3, 4 and 8 are satisfied. Then,

PlErald) .
P(Lp%ﬂ%)www<”>%o (E.12)

for every sequence a,, — 0.

Proof. For a given M > 0 define € = {h € R®*? : |h|| < M}. Denote by h +— Rem(h) the
remaining term in (C.16) and remark that sup,.s Rem(h) 2 0 by (C.16) and compactness
of €. Therefore, for a sequence k, that converges to zero slowly enough, the event B, :=
{sup,ce Rem(h) < k,} has probability P(B,) — 1. Let K,, — co. By considering the local
parameter h = /n(y) — 1,) and by denoting by 7" both its prior distribution and prior
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Lebesgue density (under Assumption 2 (a)), we upper bound the probability in (E.12) as

follows:
P(E1alt) k2 P10 + h//A) e
P<L“%“%me¢<e >§P<L Pt S )
- <{/ A OLUS e_K%} n Bn) +o,(1). (E.13)
¢

By replacing the LAN expansion (C.16) and by noting that for n sufficiently large, x,, < %Kﬁ
< MA||Vy, || € kn < SKZ (since M2(|Vy,

denotes the operator norm) we obtain:

p(-flan) —-K2 Vg, A —h ey
P(LHEWB“WW<6K)SP<LG¢ s Q+%a>

=P (/ Voo Bnwo ph (h|&)dh < e_log”}L(G)e_3K%/4> + 0,(1)

on B, and supy,ce M'Vy, h < suppee ||| Vi has

the same order as Rem(h) and where ||V,

¢

¢

<P (exp {/h’VwoAnywowh(hM)dh} < 6K5/86_3K5/4) +0,(1)

<P (/ WV Ay, 7™ (h|€)dR < —5K5/8> + 0,(1)

¢

64
< EF (W'Vy, A )2 7 (h|€)dh | 4 0,(1) = 0 (E.14)
25 K4 . ’

where in the third line we have used that, for n large enough, —logn"(€) < K?2/8 and
the Jensen’s inequality. In the last line we have used the Markov’s inequality and then the

Jensen’s inequality. The result follows by (E.4) and Assumption 4.

F Proof of the technical Lemmas for the proof of Theo-
rems 3.1-3.2

For a vector z and a scalar § > 0 we denote by B(z,0) the closed ball centred on z
with radius 6. When the Mean Value theorem is applied to a vector of functions it must be

understood that it is applied componentwise.
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F.1 Proof of Lemma D.1

Let us consider the expression for the likelihood given in (2.6)-(2.9) and evaluated at ¢*:

N LN ~ 1~ 57y Ag. o0
1 U5 M) = —nl AU g (25, 0°) — nlog =) W97 @vD - (F ]
0g p(x1:n|1h"; My) nlogn + ;1 (v°) g (i, ¥") nogn;le (F.1)

To shorten notation, in the rest of this proof we eliminate the superscripts and subscripts
and just write: g, @Z instead of g4 and W.

Let A be on the line joining 0 and X(@), then a second order Taylor expansion around

o~

A =0 gives
1 i M) g(z; 12) 1+ l iX(QZ)/g (x qZ)
n J:1 n p (2
1/\/\177, Nalzs. b > N
+ 5)\( )/E Ze’\ 9(@5:%) g (9@-,1#) g (xj;¢> AW). (F.2)

Under Assumption 5 and because A = O,(n""2) = 0,(n~¢) for any ¢ < 1/2 (since by

Newey and Smith (2004, Lemma A.2) A(¢)) = O,(n~"/?) = 0,(n~¢) for any ¢ < 1/2 and A
is between 0 and X(@)) we can apply Newey and Smith (2004, Lemma A.1) that implies:

maxi<j<p |5\’g(xi, zZ)| 2 0. Therefore, Maxi<j<n —eNg(@id) 4 1‘ 2 0 which in turn implies:

]. " 3/ > -~ ~\/
— Z eN9@iv) g <xj,w> g (xj, w) A (F.3)
n
By replacing this in (F.2) we obtain:
1 <~ 55y b I N L~ o —
- S W) =1 4 - > M@y <a: w) + §A(¢)’m(¢) +o,(n7h). (F.4)
=1 i=1

We now use the first order Taylor expansion of the function log(u) around u = 1: log(u) =

u— 14 o(Ju — 1]), and plug (F.4) in it to obtain:




In order to simplify (F.5) further and to find the rate of the last term in the right hand side

of (F.5) we approximate g(¢) := £ 37" g(;,¢) as follows:

T n

n

90 =306+ = 30 2TV G )y of((F - )l

=
=G() + Tu(¥ — ) + 0p(n7'/?)
=§(v.) = TeHG(h,) + 0p(n1/?) (F.7)
== AA(D) +0p(n 1) (E8)

where to get (F.7) we have used the fact that, under Assumptions 1, 5 and 6: \/n <@/ZJ\ — ¢*> =
—H\/ng(¢.) + 0,(1) with H := (I[,A,;'T,)7'T}A,; " (see Schennach (2007, Proof of Theorem
3)) and to get (F.6) we have used the fact that ||+ Y% %jﬁb*) — Ty = Oy(n~'/?) under
Assumption 6 (b) by the Markov’s inequality. Finally, (F.8) is obtained by using the fact
that I — I'yH = Ay®, where &, := Ag_l — AE_IF@EZF}AZl and ¥, = (F@AZIFZ)A, and that,
under Assumptions 1, 5 and 6, /A (V) = —®p/ng(1h,) + 0,(1) (see Schennach (2007, Proof
of Theorem 3)). By substituting this result in (F.4) we obtain:

2
= O,(n™'). By replacing this result and (F.8) in (F.5) we

~ o~

which is O,(n™!) since H)\(i/i)

obtain:

1n KN 7 N~ T 1/\’\, A~ T _
log (5 > e 9‘”“”) = A©)G(W) + 59V A G) + 0p (n77) (F.9)

Jj=1

Next, we replace (F.9) in (F.1) to get:

3

log p(1.al 5 My) = —nlogn + 3 MDY g(wi, ) = > A@)g (1, )

=1 i=1

1. L~
oGV ATGD) + 0, (1)
2
— nlogn— d‘“’;*d”) +o,(1) (F.10)
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where the last equality follows from standard arguments as in Hansen (1982) that show that
RGO ATGD) = s )

F.2 Proof of Lemma D.2

Result (2.15) and consistency of the ETEL estimator ot (which is guaranteed under
Assumptions 1, 5 and 6, see Schennach (2007, Theorem 3)) implies that the posterior
(| 210 My) of 9% converges in total variation towards a N J¢n-1x, distribution, where
Yo = (FQ,A‘ID)A. Hence, the negative logarithm of the posterior density evaluated at W is

(pe + dy) [
2

—~ 1
—log ’/T(we‘afl;n; M) = — logn — log(2m)] + 5 log [3¢] + 0,(1).

F.3 Proof of Lemma D.3

In the proof we eliminate the superscript ¢ for simplicity. The proof proceeds in two
steps. In the first step we show uniform convergence of §*(¢) and X(zﬁ) By the uniform
strong Law of Large Numbers, which is valid under Assumptions 5 (a)-(b) and 7 (a) (see
e.g. Newey and McFadden (1994, Lemma 2.4)), it holds:

sup 15 () — EP[g" (2, 9)]|| = 0. (F.11)

Let A(¢)) = arg Miny e (y) % S exp{Ng?(z;,¢)}. Schennach (2007, page 668) shows that
Supyey [[A(1) = Xo(¥)]] 2 0 (under Assumptions 5 (a)-(b) and 7). Moreover, if A(¢)) lies in the
interior of A(¢) then the minimum of £ 3" | exp{X¢*(z;,¢)} is unique by strict convexity of
the latter function. As X(¢)) 5 A (¢) uniformly in ¢ € ¥ and A\, (¢)) € int(A(¢))) by Assump-
tion 7 (b), it follows that /):(@D) — X)) B 0 as n — oo. By continuity of both () and /)\\(@D)
in (1) (due to the Birge’s maximum theorem and strict convexity of £ 3" | exp{Ng*(z;,¥)}

in A) and compactness of ¥ we conclude that

sup [A(¥) — Ao(1)]| % 0. (F.12)
Pew
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In the second step of the proof, we use the results of the first step to show the result of the

—

lemma. By the triangular inequality and the Cauchy-Schwartz inequality
| exp{A(¥)'5* (¥)} loe P E (g (z, )]
vev | OIS oM@y gr @ v)) B ey et(z, v)}]
< sup [A@) = Aw)ll sup 7" ()]
el pew

—

+sup [|A() | sup [[§4(¥) — E"[g" (, 9)]]|
Ppew Ppew

+sup [[A(¥) = Ao ()| sup [|E"[g" (, 4)]]|
HeET pev

+sup [log = Zexp{mb)’g"‘(xi,zb)} —log E” [exp{Ao(w)’gA(x,@b)}]'

Ppew i1

=. ./41 + ./42 + ./43 + A4. (F13)

By continuity of ¢ — (1) and compactness of ¥ and of A(¢) for all ¢ € W: sup,eq [[A(¥)] <
co. By Assumption 7 (b): supycy [|[E”[g(z, ¥)]|| < EF[M(z)] < 0o and sup,cy |94 ()] <
oo (by using (F.11)). Therefore, A; 2 0 for i = 1,2,3 by (F.11) and (F.12).

In order to show the convergence to zero of A4, remark that because log(a) < a —1 for every

a > 0, then,

e [P e B e )} — B () (X 0]
e B fexp () g (X, &)}

which converges to zero by the result in Lemma F.1 below.
O

Lemma F.1. Let M, be a misspecified model (that is, a model that does not satisfy Assump-
tion 1) and let g*(x,v") and ¥* be the corresponding moment functions and parameters.
Then, under Assumptions 5 (a)-(d), 3, and 7:

sup |~ Zexp{A i)} — B [exp{Ae(¥) g (X, 9)}] | = 0.

el [T

Proof. In this proof, let A,, denote the following event: A, := {sup,cy ”/)\\(iﬂ) =X ()| < n},
for a §,, > 0 converging to zero as n — oo, and let B(\s,d,,) be the closed ball around A, (1))
with radius §,. Then, under Assumption 7 (b) there exists an N > 0 such that Vn > N:
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~

A(¢) € A(¢)) on the event A,,.

Next, we prove the intermediate result

sup 1 S eNoten) _gP [eA’gA(XW] 0. (F.14)
CON R

PpeW,AeA

Consider the class of functions (on X) F := {exp{Ng?(-,¥)}; A € A(¢), ¢ € ¥}. Since: (I)
the function (A, %) — exp{\Ng*(x,1)} is continuous for P-almost all x (under Assumption
5 (¢)); (II) ¥ is compact and A(v) is compact for every ¢ € ¥ (by Assumptions 5 (b) and
7 (b)); (IIT) the envelope of F, sup,ey reay) €xp{Ng*(z,¢)} is in L (P) (by Assumption 7
(c)), then (F.14) holds (see van de Geer (2010, Lemma 3.10, page 38)).

With this result, and the fact that P(AS) = o(1) by (F.12), we are now ready to show the
result of the lemma. Let h(}, 1)) := E£ [ex(w)lgA(X”ﬁ)], where E{[-] denotes the expectation
taken with respect to the distribution of X only (so, we do not integrate out /):) Moreover,
let n > 0 and denote by B, the event B, := {sup,cy )h(x, ) — EP [6A°(w)/gA(X’w)] ’ <n/2}.
To upper bound P(B¢) we use the Markov’s inequality and the Mean value theorem applied
to the function h(+, 1) which is defined on B(\,(),d,) on the event A,:

P(By) = P(B,|An) P(An) + P(B,| A7) P(A7)

< %EP <zlég ‘E§ |:e{5\(¢)/gf“(X,w)}gA()(7 w)l:| (X(Q/}) B Ao@b))‘ ’ An) P(An) + P(AZ)

2577, 3 ’
o (Y e e

‘)21An>)1/2+0(1) (F.15)

where \(¢) is on the line joining /):(@D) and A\,(7) and 14, is the indicator function of the
event A,. By applying the Cauchy-Schwartz inequality we get

2
)

<E” <sup EY [62?\(7#)’9“‘()(@)} 1An) sup E” || g7 (X, ;D)”?. (F.16)
pew Yev

e oenia

The first term in the product in the right hand side is bounded by uniform convergence of
A(¥) towards Ao (1) on A, uniform continuity of the function ¢ — e¥9" ) on B(A\, (1)), 25,,) %

U, Assumption 7 (¢) and by the Dominated Convergence theorem. The second term in the
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product is bounded by Assumption 5 (d) because
sup B (X, o) < B [sup | CC )| < B fswp o (X ] . va>2
pew PYEW YET

Therefore, (F.15) and (F.16) and the fact that 6, — 0 show that P(BS) = o(1).

Next,
P sup |t S AW e e _gp [exo(w A(M)} o0 <
yev |1 =1

ZeW’ o) — h(X, )

- sup (R, ) — B [eoraero] \)

Ppew

1 Z AWV @) _ (X )
n

> — g) P(B,) + P(B:)

An> P(A,)P(B,) + P(A;)P(B,) + P(B;)

Z )\/ A EP |: )\/ A(X,’L/J)]

<P sup > 1 +o(1) (F.17)
YEWNEA (D) 2

where to get the last line we have used the fact that the probability is conditional on the

event A, and P(AS) = o(1). Finally, this probability goes to zero by (F.14).
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