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Abstract

In this paper we develop a Bayesian semiparametric analysis of moment condition
models by casting the problem within the Exponentially Tilted Empirical Likelihood
(ETEL) framework. We use this framework to develop a fully Bayesian analysis of
correctly and misspecified moment condition models. We show that even under mis-
specification, the Bayesian ETEL posterior distribution satisfies the Bernstein - von
Mises (BvM) theorem. We also develop a unified approach based on marginal like-
lihoods and Bayes factors for comparing different moment restricted models and for
discarding any misspecified moment restrictions. Computation of the marginal likeli-
hoods is by the method of Chib (1995) as extended to Metropolis-Hastings samplers in
Chib and Jeliazkov (2001). We establish the model selection consistency of the marginal
likelihood and show that the marginal likelihood favors the model with the minimum
number of parameters and the maximum number of valid moment restrictions. When
the models are misspecified, the marginal likelihood model selection procedure selects
the model that is closer to the (unknown) true data generating process in terms of
the Kullback-Leibler divergence. The ideas and results in this paper broaden the theo-
retical underpinning and value of the Bayesian ETEL framework with many practical

applications. The discussion is illuminated through several examples.
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1 Introduction

Our goal in this paper is to develop a Bayesian analysis of moment condition models.
By moment condition models, we mean models that are specified only through moment
restrictions of the type EP[g(X,0)] = 0, where g(X, 0) is a known vector-valued function
of a random vector X and an unknown parameter vector @, and P is the unknown data
distribution. Models of this type, which arise frequently in statistics and econometrics,
see e.g. Broniatowski and Keziou (2012), can be attractive since full modeling of P is
not invoked and inferences about @ are based only on the partial information supplied by
the set of moment conditions. For instance, in a regression context, letting X = (y,x) and
y = x8+¢, where y is the scalar response and x is a scalar predictor, one can learn about the
regression parameter 3 from the orthogonality assumption Ef[(y — 23)x] = 0 without fully
modeling the error distribution or the parameters of the error distribution. More generally,
B can be inferred in this setting from the orthogonality conditions EX[(y — z)z] = 0, given
a set of instrumental variables z. Examples of such moment condition models abound, but
for the most part the analysis of such models from the Bayesian perspective has proved
elusive since typical parametric and semiparametric Bayesian methods are reliant on a full
probability model of P.

On the frequentist side, the recent developments in empirical likelihood (EL) based meth-
ods, see e.g. Owen (1988, 1990, 2001), Qin and Lawless (1994), Kitamura and Stutzer (1997),
Imbens (1997), Schennach (2007), Chen and Van Keilegom (2009), and references therein,
have opened up a promising approach for dealing with moment condition models. There
are emerging cogent arguments for using the EL in Bayesian analysis. For example, Lazar
(2003) has argued that the EL can be used in a Bayesian framework in place of the data
distribution P. In fact, Schennach (2005) shows that it is possible to obtain a nonparametric
likelihood closely related to EL, called the exponentially tilted empirical likelihood (ETEL),
by marginalizing over P with a nonparametric prior that favors distributions that are close
to the empirical distribution function in terms of the Kullback-Leibler (KL) divergence while
satisfying the moment restrictions. In addition, Grendar and Judge (2009) show that the EL
is the mode of the posterior of P under a general prior on P. Thus, by combining either the

EL or the ETEL functions with a prior 7(€) on 8, moment condition models can in principle



be subjected to a Bayesian semiparametric analysis. Applications of this idea are given for
instance by Lancaster and Jun (2010), Kim and Yang (2011), Yang and He (2012), Xi et al.
(2016) to handle moment condition models, by Rao and Wu (2010) in complex survey esti-
mation, and by Chaudhuri and Ghosh (2011), Porter et al. (2015), Chaudhuri et al. (2017) in
small area estimation. On the theory side, Yang and He (2012) show the asymptotic normal-
ity of the Bayesian EL posterior distribution of the quantile regression parameter, and Fang
and Mukerjee (2006) and Chang and Mukerjee (2008) study the higher-order asymptotic
and coverage properties of the Bayesian EL/ETEL posterior distribution for the population
mean, while Schennach (2005) and Lancaster and Jun (2010) consider the large-sample be-
havior of the Bayesian ETEL posterior distribution under the assumption that all moment
restrictions are valid. Alternative, non-EL/ETEL based approaches for moment condition
models, which we do not consider in this paper, have also been examined, for example, Bornn
et al. (2015), Florens and Simoni (2016) and Kitamura and Otsu (2011).

The purpose of this paper is to establish a number of new results for the Bayesian analysis
of moment condition models, within the ETEL framework, complementing and extending
the aforementioned papers in important directions. One goal is the Bayesian analysis of
moment condition models that are potentially misspecified. For this reason, our analysis
is built on the ETEL function which, as shown by Schennach (2007), leads to frequentist
estimators of @ that have the same orders of bias and variance (as a function of the sample
size) as the EL estimators but, importantly, maintain the root n convergence even under
model misspecification (see Schennach (2007, Theorem 1)). Within this useful framework, we
develop a fully Bayesian treatment of correctly and misspecified moment condition models.
We show that even under misspecification, the Bayesian ETEL posterior distribution has
desirable properties, and that it satisfies the Bernstein - von Mises (BvM) theorem. Another
goal is to develop a Bayesian approach for comparing different moment restricted models
and for discarding any misspecified moment restrictions. For an overview on Bayesian model
selection in standard models we refer to Robert (2007) and references therein. Our proposal
is to select the model with the largest marginal likelihood. Since one aim of this model
selection comparison is to discard misspecified moment restrictions, we do not consider the
model averaging perspective. In order to operationalize model comparisons in our set-up, in

particular when models are defined by different numbers of moment conditions, we show that



it is necessary to linearly transform the moment functions g(X, 8) so that all the transformed
moments are included in each model. This linear transformation simply consists of adding an
extra parameter different from zero to the components of the vector g(X, 8) that correspond
to the restrictions not included in a specific model.

We compute the marginal likelihood by the method of Chib (1995), as extended to
Metropolis-Hastings samplers in Chib and Jeliazkov (2001). This method renders compu-
tation of the marginal likelihood simple and is a key feature of both our numerical and
theoretical analysis. Our asymptotic theory covers the following exhaustive possibilities:
the case where the models in the comparison set contain only valid moment restrictions,
the case where all the models in the set are misspecified, and finally the case where some
of the models contain only valid moment restrictions while the others contain at least one
invalid moment restriction. Our analysis shows that the marginal likelihood based selection
procedure is consistent in the sense that: (i) it discards misspecified moment restrictions,
(ii) it selects the model that is the “less misspecified” when comparing models that are all
misspecified, (7ii) it selects the model that contains the maximum number of overidentifying
valid moment restrictions when comparing correctly specified models, and (iv) when some
models are correctly specified and some are misspecified, it selects the model that is correctly
specified and contains the maximum number of overidentifying moment conditions. These
important model selection consistency results are based on the asymptotic behavior of the
ETEL function, and the validity of the BvM theorem, both under correct specification and
misspecificition. These results, developed within a formal Bayesian setting, can be viewed
as complementary to the less Bayesian formulations described in Variyath et al. (2010) and
Vexler et al. (2013) where the focus is on quasi-Bayes factors constructed from the EL, and
Hong and Preston (2012) where models are compared based on a quasi-marginal likelihood
obtained from an approximation to the true P.

The rest of the article is organized as follows. In Section 2 we describe the moment
condition model, define the notion of misspecification in this setting, and then discuss the
prior-posterior analysis with the ETEL function. We then provide the first pair of major
results dealing with the asymptotic behavior of the posterior distribution for both correctly
specified and misspecified models. Section 3 introduces our model selection procedure based

on marginal likelihoods and the associated large sample results. Throughout the paper,



for expository purposes, we include numerical examples. Then in Section 4 we discuss the
problems of variable selection in a count regression model and instrument validity in an
instrumental variable regression. Section 5 concludes. Proofs of our results are collected in

the Appendix and in the online Appendix.

2 Setting

Suppose that X is an R%-valued random vector with (unknown) distribution P. Suppose
that the operating assumption is that the distribution P satisfies the d unconditional moment

restrictions

E"[g(X.0)] = 0 (2.1)

where E” denotes the expectation taken with respect to P, g : R% x © — R? is a vector
of known functions with values in R%, 8 := (0y,...,0,) € © C RP is the parameter vector
of interest, and 0 is the d x 1 vector of zeros. We assume that E”[g(X, )] is bounded for
every 8 € ©. We also suppose that we are given a random sample x., := (x1,...,®,) on
X and that d > p.

When the number of moment restrictions d exceeds the number of parameters p, the
parameter @ in such a setting is said to be overidentified (over restricted). In such a case,
there is a possibility that a subset of the moment conditions may be invalid in the sense that
the true data generating process is not contained in the collection of probability measures
that satisfy the moment conditions for all & € ©. That is, there is no parameter 6 in
© that is consistent with the moment restrictions (2.1) under the true data generating
process P. To deal with possibly invalid moment restrictions, we reformulate the moment
conditions in terms of an additional nuisance parameter V' € 0 C R?. For example, if the
k-th moment condition is not expected to be valid, we subtract V' = (V,...,V;) from the
moment restrictions where V is a free parameter and all other elements of V' are zero. To
accommodate this situation, we rewrite the above conditions as the following augmented
moment conditions

Ef[g"(X,0,V)] =0 (2.2)

where g4(X,0,V) := g(X,0) — V. Note that in this formalism, the parameter V indicates



which moment restrictions are active where by ‘active moment restrictions’” we mean the
restrictions for which the corresponding components of V' are zero. In order to guarantee
identification of @, at most (d — p) elements of V' can be different than zero. If all the
elements of V' are zero, we recover the restrictions in (2.1).

Let d, < (d — p) be the number of non-zero elements of V' and let v € ¥V C R% be the
vector that collects all the non-zero components of V.. We call v the augmented parameter
and @ the parameter of interest. Therefore, the number of active moment restrictions is
d — d,. In the following, we write g*(X,0,v) as a shorthand for g*(X, 0, V), with v the
vector obtained from V by collecting only its non-zero components.

The central problem of misspecification of the moment conditions, mentioned in the
preceding paragraph, can now be formally defined in terms of the augmented moment con-

ditions.

Definition 2.1 (Misspecified model). We say that the augmented moment condition model
is misspecified if the set of probability measures implied by the moment restrictions does not
contain the true data generating process P for every (8,v) € © x V, that is, P ¢ P where
P = U g.v)coxv Plo.w) and Pow) = {Q € M; E?[g4(X,0,v)] = 0} with M the set of all

probability measures on R% .

In a nutshell, a set of augmented moment conditions is misspecified if there is no pair
(0,v) in (© x V) that satisfies EF[g4(X,0,v)] = 0 where P is the true data generating
process. On the other hand, if such a pair of values (6, v) exists then the set of augmented
moment conditions is correctly specified.

Throughout the paper, we use regression models to understand the various concepts and

ideas.

Example 1 (Linear regression model). Suppose that we are interested in estimating the

following linear regression model with an intercept and a predictor:
Y = a+ Bz + e, i=1,....n (2.3)

where (z;, e;)" are independently drawn from some distribution P. Under the assumption that



E”[e;|z] = 0, we can use the following moment restrictions to estimate 6 = (a, 3):
E"[ei(0)] =0, E"[ei(0)z] =0, E"[(ei(0))’] =0, (2.4)

where €;(0) := (y; — o — Bz;). The first two moment restrictions are derived from the
standard orthogonality condition and identify 6. The last restriction potentially serves as
additional information. In terms of the notation in (2.1) and (2.2), ; := (y;, z;), g(x;,0) =
(e5(0),e:(0)z1,e;(0)%), V = (0,0,v), d, = 1 and g*(x;,0,V) = g(x;,0) — (0,0,v)". If one
believes that the underlying distribution of e; is indeed symmetric, then one could use this
information by setting v to zero. Otherwise, it is desirable to treat v as an unknown object. If
the distribution of e; is skewed and v is forced to be zero, then the model becomes misspecified
because no («, B) can be consistent with the three moment restrictions jointly under P. When
the augmented parameter v is treated as a free parameter, the model is correctly specified even

under asymmetry.

2.1 Prior-Posterior analysis

Consider now the question of prior-posterior analysis under the ETEL function. Although
our setting is similar to that of Schennach (2005), the presence of the augmented parameter
v and the possibility of misspecification, lead to a new analysis and new results.

For any (6,v), define the convex hull of !, g*(z;, 8, v) as the following convex subset
of R:L {30 pigh(xi,0,v);pi > 0,Yi = 1,...,n, Y7 p; = 1}. Now suppose that (i)
g*(x,0,v) is continuous in x for every (8,v) € © x V (or has a finite number of step
discontinuities) and (ii) the interior of the convex hull of |, g*(x;, 6, v) contains the
origin. Suppose also that the nonparametric prior on P is the mixture of uniform probability
densities described in Schennach (2005), which is capable to approximating any distribution
as the number of mixing components increases. Then, adapting the arguments of Schennach

(2005), the posterior distribution of (8, v) after marginalization over P has the form

7(0,v|x1,) x (0, v)p(x1.,]0, V) (2.5)



where (0, v) is the prior of (8, v) and p(x1.,|0,v) is the ETEL function defined as
p(x1.,0,v) le (6,v) (2.6)

and pf(0,v) are the probabilities that minimize the KL divergence between the probabilities
(p1,...,pn) assigned to each sample observation and the empirical probabilities (%, e %),

subject to the conditions that the probabilities (py,...,p,) sum to one and that the expec-

tation under these probabilities satisfies the given moment conditions:

max Z —pilog(np;)] (2.7)
subject to Zpi = 1 and ZpigA(wi,O,'v):O. (2.8)

For numerical and theoretical purposes below, the preceding probabilities are computed

more conveniently from the dual (saddlepoint) representation as, for i =1,...,n

eA0.0) g4 (2:,0,0)

pi(0,v) == > 0 5 @) where A(6,v) = arg )I\rég}i = Zexp Ng'(z;,0,v)).
(2.9)
Therefore, the posterior distribution takes the form
n X(Ow)’g“‘(wi,e,v)
(8, v|21,) o 7(60,) [| = (2.10)

n b 0,v) gA(x;,0,v !
LS MO g 00)

which may be called the Bayesian Exponentially Tilted Empirical Likelihood (BETEL) pos-
terior distribution. It can be efficiently simulated by Markov chain Monte Carlo (MCMC)
methods. For example, the one block tailored Metropolis-Hastings (M-H) algorithm (Chib
and Greenberg, 1995) is applied as follows. Let ¢(6,v|x1.,) denote a student-t distribution
whose location parameter is the mode of the log ETEL function and whose dispersion ma-
trix is the inverse of the negative Hessian matrix of the log ETEL function at the mode.
Then, starting from some initial value (0(0), v(©)), we get a sample of draws from the BETEL

posterior by repeating the following steps for s =1,...,5:

1. Propose (0", v") from ¢(8,v|x1.,) and solve for p:(0',v!), 1 < i < n, from the Expo-



nential Tilting saddlepoint problem (2.9).

2. Calculate the M-H probability of move

T o, s—1 _.s—1
@ (00,67 01 1) = min {1, 22 0Ol

(05! vsl|zy.,) q(0", vt|xy.,)

3. Set (6°,v°) = (0", v") with probability a((0°*,v*=1), (0", v")|x.,). Otherwise, set
(0%,v°) = (6° ", v°71). Go to step 1.

Note that when the dimension of (8, v) is large, the Tailored Randomized Block M-H
algorithm of Chib and Ramamurthy (2010) can be used instead for improved simulation

efficiency.

Prior specification. In our examples, we focus on two prior distributions. Under the first
prior, which we call the default prior, each element 0, and v; of 8 and v, respectively, is
given independent student-t distributions with v = 2.5 degrees of freedom, location zero and
dispersion equal to 5:

9k ~ t2,5(0, 52) and v~ t2,5(0, 52) (211)

In the second prior, which we call the training sample prior, an initial portion of the sample
(which is not used for subsequent inferences) is used to find the ETEL estimate of the
unknown parameters, that is, the maximizer of the ETEL function (2.6) whose definition is
recalled in (C.1) in the Appendix. Then, the prior of each element of (8',v’)’ is equal to the
default prior except that now the location is set equal to the corresponding ETEL estimate.
To see the different implications of these prior distributions, consider two moment con-
dition models defined by the restrictions:
My: E[gi(X.0)]=0, E"[g:(X,0)]=0 (2.12)
My: E"gi(X.0)] =0, Ef[p(X,6)] = |
where both moments restrictions are active under M; but only the first is active under Mj.
Then, under the default prior, a prior mean of 0 on v implies the belief that the second
moment restriction is likely to hold. On the other hand, in the training sample prior, the

prior location of v is determined by the ETEL estimate of v in the training sample. If this is



substantially different from zero (relative to the prior dispersion) this prior implies the belief

that the second moment restriction is, a priori, less likely to be active.

Example 1 (continued). To illustrate the prior-posterior analysis, we generate y;, i =
1,...,n from the regression model in (2.3) with the covariate z; ~ N(0.5,1), intercept o = 0,
slope B =1 and e; distributed according to the skewed distribution.:

N(0.75,0.75%)  with probability 0.5

& ~ (2.13)
N (=0.75,1.25%)  with probability 0.5.

Our analysis is based on the moment restrictions in (2.4), that is,
QA(J%; 0,v) = (e:(0), i(0)2i,¢:(6)° — v, ei(0) = yi — o — Bz,

with @ = («, 5). These moment conditions are correctly specified because v is free. Under
the default independent student-t prior in (2.11), the marginal posterior distributions of «,
B and v are summarized in Table 1 for two different values of n. It can be seen from the
025 and .975 quantiles (called “lower” and “upper”, respectively) that the marginal posterior
distributions of o and 3 are already concentrated around the true values for n = 250 but
concentrate even more closely around the true values for n = 2000. This ezample showcases

the ease with which such Bayesian inferences are possible.

mean sd median lower upper ineff
n = 250
a -0.03 0.10 -0.03 -0.24 0.16 1.49
B 0.99 0.08 0.98  0.83 1.15 1.70
v -1.42 0.36 -1.39 -2.20 -0.82 3.21
n = 2000
a 0.00 0.03 0.00 -0.06  0.06 1.30
g 099 0.03 0.99 0.93 1.04 1.21
v -0.97 0.10 -0.97 -1.18 -0.78 1.34

Table 1: Posterior summary for two simulated sample sizes from Example 1 (a regression model
with skewed error distribution). The true value of « is 0 and that of 5 is 1. The summaries are
based on 10,000 MCMC draws beyond a burn-in of 1000. The M-H acceptance rate is around 90%
in both cases. “Lower” and “upper” refer to the .025 and .975 quantiles of the simulated draws,
respectively, and “ineff” to the inefficiency factor, the ratio of the numerical variance of the mean
to the variance of the mean assuming independent draws: an inefficiency factor close to 1 indicates
that the MCMC draws, although serially correlated, are essentially independent.

10



Notation. In Sections 2.2 and 2.3, and in the online Appendix we use the following nota-
tions. For ease of exposition, we denote 1 := (0, v), ¢ € ¥ with ¥ := © x V. Moreover, ||-||r
denotes the Frobenius norm and || - || the Euclidean norm. The notation ‘%’ is for conver-
gence in probability with respect to the product measure P" = @ | P. The log-likelihood
function for one observation is denoted by [, 4:

AW) g% (1) R CED)

lnp(x) = log = = —logn + log —
ke Z?:l eA(¥) g (z;,) % Zyzl [e" QA(mjv"/’)]

so that the log-ETEL function is logp(@i1.,|t0) = > lhy(x;). For a set A C R™, we

denote by int(.A) its interior relative to R™. Further notations are introduced as required.

2.2 Asymptotic Properties: correct specification

In this section, we first introduce additional notations and assumptions for correctly
specified models. Under these assumptions and Assumptions 5-6 in the online Appendix,
we establish both the large sample behavior of the BETEL posterior distribution and, in
Section 3, the model selection consistency of our marginal likelihood procedure.

Let 0, be the true value of the parameter of interest 8 and v, be the true value of the
augmented parameter. So, 1, := (6,,v,). The true value v, is equal to zero when the non-
augmented model (2.1) is correctly specified. Moreover, let A := EP[g4(X 1, )g” (X, v,)']
and I := EF (%,g“‘(X , z,b*)] . Assumption 1 requires that the augmented model is correctly
specified in the sense that there is a value of @ such that (2.2) is satisfied by P, and that

this value is unique. A necessary condition for the latter is that (d — p) > d, > 0.

Assumption 1. Model (2.2) is such that v, € W is the unique solution to EF[g*(X, )] =
0.

The next assumption concerns the prior distribution and is a standard assumption to

establish asymptotic properties of Bayesian procedures.

Assumption 2. (a) 7 is a continuous probability measure that admits a density with respect

to the Lebesque measure; (b) w is positive on a neighborhood of ..

For a correctly specified moment conditions model, the asymptotic normality of the

BETEL posterior is established in the following theorem where we denote by 7(y/n(y —

11



¥,)|x1.,) the posterior distribution of /n(¢» — 1p,). The result shows that the BETEL
posterior distribution has a Gaussian limiting distribution and that it concentrates on a
n~2-ball centered at the true value of the parameter. An informal discussion of this behavior
is given by Schennach (2005) but without the required assumptions. Theorem 2.1 below

provides these assumptions. The proof of the result is based on e.g. Lehmann and Casella

(1998) and Ghosh and Ramamoorthi (2003) and is given in the online Appendix C.

Theorem 2.1 (Bernstein - von Mises — correct specification). Under Assumptions 1, 2 and
Assumptions 5, 6 in the online Appendiz and if in addition, for any 6 > 0, there exists an

€ > 0 such that, as n — oo

P ( sup 1 Z (Lnp (@) = Ly, () < —e) =1, (2.14)

[p—p.||>6 T i=1

then the posteriors converge in total variation towards a normal distribution, that is,

sup [w(Vii(® ~ 8,) € Blar) ~ Nyrrainy1(B)] 5 0 (2.15)

where B C W 1s any Borel set.

According to this result, the posterior distribution m(t|x;.,) of 1 is asymptotically nor-
mal, centered on the true value %, and with variance n=! (I’A™'I')~". Thus, the posterior
distribution has the same asymptotic variance as the efficient Generalized Method of Mo-
ments estimator of Hansen (1982) (see also Chamberlain (1987)). Assumption (2.14) in this
theorem is a standard identifiability condition (see e.g. Lehmann and Casella (1998, As-
sumption 6.B.3)) that controls the behavior of the log-ETEL function at a distance from
1,. Controlling this behavior is important because the posterior involves integration over
the whole range of @. To understand the meaning of this assumption, we remark that
asymptotically the log-ETEL function ¥ — > " | I, 4(x;) is maximized at the true value
1, because the model is correctly specified. Hence, Assumption (2.14) means that if the
parameter 1 is “far” from the true value v, then the log-ETEL function has to be small,

that is, has to be far from the maximum value > | I, 4 ().

12



2.3 Asymptotic Properties: misspecification

In this section, we consider the case where the model is misspecified in the sense of
Definition 2.1 and establish that, even in this case, the BETEL posterior distribution has
good frequentist asymptotic properties as the sample size n increases. Namely, we show that
the BETEL posterior of /n(¥ — 1,) is asymptotically normal and the BETEL posterior
of @ concentrates on a n~%ball centred at the pseudo-true value of the parameter. To
the best of our knowledge, these properties have not been established yet for misspecified
moment condition models.

Because in misspecified models there is no value of 1 for which the true data distribu-
tion P satisfies the restriction (2.2), we need to define a pseudo-true value for 1. The latter
is defined as the value of ¢ that minimizes the KL divergence K(P||Q*(1)) between the
true data distribution P and a distribution Q*(¢) defined as Q*(¢) := arginfyep K (Q||P),
where K(Q||P) := [log(dQ/dP)dQ and P, is defined in Definition 2.1. We remark that
these two KL divergences are the population counterparts of the KL divergences used
for the definition of the ETEL function in (2.6): the empirical counterpart of K(Q||P)
is used to construct the pf(e) probabilities and is given by (2.7), while the empirical
counterpart of K(P||Q*(¢)) is given by log(1/n) — > 7" | L, (@) /n where Y0 1, ()
is the log-ETEL function if the dual theorem holds. Roughly speaking, the pseudo-true
value is the value of ¥ for which the distribution that satisfies the corresponding restric-
tions (2.2) is the closest to the true P, in the KL sense. By using the dual represen-
tation of the KL minimization problem, the P-density dQ*(v)/dP admits a closed-form:
dQ* () /dP = er@W)a" (X)) /jP [eAO(’/’)/-"A(X”/’)} where A,(¢)) is the pseudo-true value of
the tilting parameter defined as the solution of EF[exp{Ng*(X,)}g*(X, )] = 0 which
is unique by the strict convexity of EX[exp{\'g*(X,)}] in A. Therefore,

Ao(¥) = arg min E” [ A’!J“‘(an)] 7
AcRd
o) g (X )
— P
P, = argr£aXE log [ oA (X.) ]] (2.16)

However, in a misspecified model, the dual theorem is not guaranteed to hold and so v, de-

fined in (2.16) is not necessarily equal to the pseudo-true value defined as the KL-minimizer.

13



In fact, when the model is misspecified, the probability measures in P := U'l/!E\I/ Py, which
are implied by the model, might not have a common support with the true P, see Sueishi
(2013) for a discussion on this point. Following Sueishi (2013, Theorem 3.1), in order to guar-
antee identification of the pseudo-true value by (2.16) and validity of the dual theorem we
introduce the following assumption. This assumption replaces Assumption 1 in misspecified

models.

Assumption 3. For a fized 1 € U, there exists Q) € Py, such that Q is mutually absolutely
continuous with respect to P, where Py, is defined in Definition 2.1.

This assumption implies that P, is non-empty. A similar assumption is also made by
Kleijn and van der Vaart (2012) to establish the BvM under misspecification. Moreover,
because consistency in misspecified models is defined with respect to the pseudo-true value
1., we need to replace Assumption 2 (b) by the following assumption which, together with

Assumption 2 (a), requires the prior to put enough mass to balls around ..

Assumption 4. The prior distribution 7 is positive on a neighborhood of 1, where ¥, is

as defined in (2.16).

A first step to establish the BvM theorem is to prove that the misspecified model satisfies
a stochastic Local Asymptotic Normality (LAN) expansion around the pseudo-true value 1.
Namely, that the log-likelihood ratio I, y — I, 4, , evaluated at a local parameter around the
pseudo-true value, is well approximated by a quadratic form. Such a result is established in
Theorem C.1 in the online Appendix C. A second key ingredient for establishing the BvM
theorem is the requirement that, as n — oo, the posterior of 1 concentrates and puts all its
mass on U, := {||vp — || < M, /\/n}, where M,, is any sequence such that M, — co. We
prove this result in Theorem C.2 in the online Appendix C.

Theorem 2.2 states that the limit of the posterior distribution of /n(¢) —1p,) is a Gaus-

sian distribution with mean and variance defined in terms of the population counterpart of

exp(Ao(¥)'g” (2,9))
Plexp(Xo (1) g4 (,9))]

the pseudo-true value A,. With this notation, the variance and mean of the Gaussian limiting

Iny (), which we denote by £, 4(x) := log g — logn and which involves

distribution are V:pl = —(EP[€,4.])"" and A, 4 = \/Lﬁ Yoy Vquoli}n,%(mi), respectively,
where Sn,wo and ilmpo denote the first and second derivatives of the function ¥ — £, 4

evaluated at v,. Let w(y/n(¥ — 1, )|x1.,) denote the posterior distribution of /n(1p — 1p,).
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Theorem 2.2 (Bernstein - von Mises — misspecification). Assume that the matriz V _ is
nonsingular and that Assumptions 2 (a), 3, 4 and Assumptions 5 (a)-(d), 6 (b), 7, and 8
in the online Appendixz hold. If in addition there exists a constant C > 0 such that for any

sequence M, — 0o, as n — 0o

P ( sup l Z (ln,d,(wl) — lmwo (wl)) S —CMn) — 1, (217)

Yevi Mo n

then the posteriors converge in total variation towards a normal distribution, that is,

sup [7(Vii(®) — .) € Blar,) ~ Ny, vy (B)] 50 (2.18)

n,P o :V¢O

where B C VU is any Borel set.

Condition (2.17) involves the log-likelihood ratio I, 4 (%) =1, _ () and is an identifiability
condition, standard in the literature, and with a similar interpretation as condition (2.14).
Theorem 2.2 states that, in misspecified models, the sequence of posterior distributions
converges in total variation to a sequence of normal distributions with random mean and
fixed covariance matrix V:I,i By using the first order condition for 1), it can be shown that
the random mean A, 4 has mean zero. We stress that the BvM result of Theorem 2.2 for
the BETEL posterior distribution does not directly follow from the assumptions and results
in Kleijn and van der Vaart (2012) because the ETEL function contains random quantities.
Therefore, we need to strengthen the assumptions in order to establish that a stochastic
LAN expansion holds for our case.

As the next lemma shows, the quantity A, . relates to the Schennach (2007)’s ETEL
frequentist estimator (whose definition is recalled in (C.1) in the Appendix for conve-
nience). Because of this connection, it is possible to write the location of the normal limit
distribution in a more familiar form in terms of the semi-parametric efficient frequentist

estimator 1,/5

Lemma 2.1. Assume that the matriz V,_ is nonsingular and that Assumption 3 and As-
sumptions 5 (a)-(d), 6 (b), 7, and 8 in the online Appendiz hold. Then, the ETEL estimator
1,/5 satisfies

1 - -1 pd
Vi — ) = NG ; Vo Lo, +0p(1). (2.19)
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Therefore, Lemma 2.1 implies that the BvM Theorem 2.2 can be reformulated with the
sequence \/5(1//\) —1p,) as the location of the normal limit distribution, that is,

sup |7(v € Blxi,) — N vy (B)| & 0. (2.20)
B : o

Two remarks are in order: (I) the limit distribution of /(1) —1p,) is centred on zero because
E”[£,4.] = 0; (1) the asymptotic covariance matrix of V(=) is V;(l) E” [Snwoﬁg%]V:pi
(which is also derived in Schennach (2007, Theorem 10)) and, because of misspecification,
it does not coincide with the limiting covariance matrix in the BvM theorem. This conse-
quence of misspecification is also discussed in Kleijn and van der Vaart (2012) and implies
that, for a € (0, 1), the central (1 — a)) Bayesian credible sets are not in general (1 — «)
confidence sets, even asymptotically. In fact, while credible sets are correctly centered, their
width /volume need not be correct since the asymptotic variance matrix in the BvM is not

the sandwich asymptotic covariance matrix of the frequentist estimator. See Example 2 in

the online Appendix A for an illustration of misspecified models and pseudo-true value.

3 Bayesian Model Selection

3.1 Basic idea

Now suppose that there are countable candidate models indexed by ¢. Suppose that
model ¢ is characterized by

Ef[g‘(X, 0] =0, (3.1)

with 8° € © ¢ R, and ¢ = 1,...,J for some J > 2. Different models involve different
parameters of interest 6° and /or different g* functions. If X contains a dependent variable
and covariates it might be that the covariates are not the same for all models, however to
lighten the notation we do not explicit this difference across the models.

One or all models may be misspecified. The goal is to compare these models and select
the best model. By best model we mean the model that contains the maximum number
of over-identifying conditions when all models are correctly specified, and when all models
are misspecified, we mean the model that is the closest to the true P. Our purpose in

this section is to establish a collection of results on the search for such a best model. We
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show that this search can be carried out with the help of the marginal likelihoods (defined
as the integral of the sampling density over the parameters with respected to the prior
density) of the competing models. The model with the largest marginal likelihood satisfies a
model selection consistency property in that the model chosen in this way is the best model
asymptotically. This property, which has not been established in this context before, is of
enormous practical and theoretical importance.

Before getting to the details, it is crucial to understand that there are some subtleties
involved in comparing different moment condition models. The central problem is that the
marginal likelihood of models with different sets of moment restrictions and different param-
eters may not be comparable. In fact, when we have different sets of moment restrictions, we
need to be careful about dealing with, and interpreting, unused moment restrictions. This

can be best explained by an example.

Example 1 (continued). Suppose we do not know if e; is symmetric. In this case, one might
be inclined to compare the following two candidate models:

Model 1:EF[e;(0)] =0, E[e;(0)z] = 0.

Model 2: E [e;(0)] =0, E[e;(0)z] =0, E"[(e;(0))] =0. 32
where 0 := («, B) is the same parameter in the two models and e;(0) := (y; — a — Bz;). As
written, these two models are not comparable because the convex hulls associated with the two
models do not have the same dimension. More precisely, let coy :== {> " pi(€:i(0),e;(0)z);p; >
0,Vi = 1,...,n, > p; = 1} be the conver hull associated with Model 1, and cos :=
{70 pi(ei(0),ei(0)z,e,(0)*);p; > 0,Vi = 1,...,n, >0 pi = 1} be the convex hull as-
sociated with Model 2. Because co, and cos have different dimensions, the pf(@) in the
two ETEL functions are not comparable because they enforce the zero vector constraint (the

second constraint in (2.8)) in different spaces (R? and R?).

The foregoing problem can be overcome as follows. We start by defining a grand model
that nests all the models that we want to compare. This grand model is constructed such
that: (1) it includes all the moment restrictions in the models and, (2) if the same moment
restriction is included in two or more models but involves a different parameter in different

models, then the grand model includes the moment restriction that involves the parameter
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of largest dimension. We write the grand model as EP[g%(X,0%)] = 0 where g has
dimension d, and 6% includes the parameters of all models. Next, each original model is
obtained from this grand model by first subtracting a vector of nuisance parameters V' and
then restricting 0¢ and V appropriately. More precisely, an equivalent version of the original
model is obtained by: (I) setting equal to zero the components of 8¢ in the shared moment
restrictions that are not present in the original model, (IT) letting free the components of
V that correspond to the over-identifying moment restrictions not present in the original
model and, (III) setting equal to zero the components of V' that correspond to moment
restrictions present in the original model and to moment restrictions that exactly identify
the extra parameters arising from the other models.

The set of models that emerge from this strategy are equivalent to the original collection
but, crucially, are now comparable. Also importantly for practice, as our illustrations of
this strategy show below, the strategy just described is simple to operationalize. With this

formulation, model ¢, denoted by M, is then defined from the grand model as
E’g"(X,0"v")] =0, 6'coO’cCRr” (3.3)

where g4(X, 0%, v") == g%(X,0°) — V' with V* € U ¢ R? and with v’ € V* € R%* being
the vector that collects all the non-zero components of V*. We assume that 0 < dy, < d—1py
in order to guarantee identification of 8. The parameter v’ is the augmented parameter
and @' is the parameter of interest for model ¢ that has been obtained from 8¢ by doing the

transformation in (I). Hereafter, we use the notation ¥* := (0%, v') € ¥’ with U’ := © x V*.

Example 1 (continued). To be able to compare Model 1 and Model 2 in (3.2), we construct
the grand model as EX [¢%(x;, 0)] := EF[(¢;(0), €;(0)z;,¢;(0)%)]. With respect to this grand
model, Model 1 and Model 2 are reformulated as My and My, respectively, by applying (1)
and (III) above:

M, :E"[e;(0)] =0, Ef[e;(0)z] =0, E"[(e;(0))°] = (3.0
M, :Ef[e;(0)] =0, E’[e;(0)z] =0, E"[(e;(0))*] = 0.

So, ' = (0',v) and p* = 0. The convex hulls of My and M, have both dimension 3 and

more importantly, if co(My) and co(Ms) denote these two convex hulls, we have co(M;) =
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co(Ms) —V where V.= (0,0,v)" so that the two models are comparable. It is important to
note how Model 1 in (3.2) and M, deal with uncertainty about the third moment restriction:
Model 1 in (3.2) ignores its uncertainty completely while My models the degree of uncertainty
through the augmented parameter v. This argument is not limited to comparing two models.
When we have multiple models, we need to make sure that the grand model encompasses all

candidate models through augmented parameters.

We note that this strategy covers both nested and non-nested models. We say that two
models are non-nested, in their original formulation, if neither model can be obtained from
the other by eliminating some moment restriction, or by setting to zero some parameter, or
both. Points (II) and (IIT) above are important for the treatment of such non-nested models.
In fact, points (II) and (III) imply that, if there are moment restrictions not present in the
original model that involve parameters that are not in the original model, then a number
of these extra moment restrictions equal to the number of the extra parameters has to be
included. This does not alter the original model if these extra moment restrictions exactly
identify the extra parameters and so place no restrictions on the data generating process.
Moreover, despite the notation, for non-nested models 6° in (3.3) might be larger than the
parameter in the original model /.

In what follows, we show how to compute the marginal likelihood for a model. Then,
in Section 3.3 we formally show that, with probability approaching one as the number of
observations increases, the marginal likelihood based selection procedure favors the model
with the minimum number of parameters of interest and the maximum number of valid
moment restrictions. We also consider the situation where all models are misspecified. In
this case, our model selection procedure selects the model that is closer to the true data

generating process in terms of the KL divergence.

3.2 Marginal Likelihood

For each model M,, we impose a prior distribution for 1* on ¥¥, and obtain the BETEL
posterior distribution based on (2.10). Then, we select the model with the largest marginal
likelihood, denoted by m(1.,; M,), which we calculate by the method of Chib (1995) as
extended to Metropolis-Hastings samplers in Chib and Jeliazkov (2001). This method makes
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computation of the marginal likelihood simple and is a key feature of our procedure. The
main advantage of the Chib (1995) method is that it is calculable from the same inputs and
outputs that are used in the MCMC sampling of the posterior distribution. The starting
point of this method is the following identity of the log-marginal likelihood introduced in
Chib (1995):

~ 0 ~ 0 ~ ¢
log m(@1.n; M) = log (2P | M) + log p(@1m|tp , M) —log (v |21.m, M), (3.5)

where 17)Z is any point in the support of the posterior (such as the posterior mean) and the
dependence on the model M, has been made explicit. The first two terms on the right-hand
side of this decomposition are available directly whereas the third term can be estimated from
the output of the MCMC simulation of the BETEL posterior distribution. For example, in
the context of the one block MCMC algorithm given in Section 2.1, from Chib and Jeliazkov
(2001), we have that

E, {a <1/’K7 {Z’ﬂmlzm Mﬁ) Q({bé)wltm Mf)}
E: {a(@, '@, M) }

T( |10, M) =

where E; is the expectation with respect to W(¢Z|w1m, M,) and E, is the expectation with

respect to q(¢5|w1m, My). These expectations can be easily approximated by simulations.

3.3 Model selection consistency results

In this section we establish the consistency of our marginal likelihood based selection
procedure for the following exhaustive cases: the case where the models in the comparison
set contain only valid moment restrictions, the case where all the models in the set are
misspecified, and finally the case where some of the models contain only valid moment
restrictions while the others contain at least one invalid moment restriction. Our proofs of
consistency are based on: (I) the results of the BvM theorems for correctly and misspecified
models stated in Sections 2.2 and 2.3, and (II) the analysis of the asymptotic behavior of the
ETEL function under correct and misspecification which we develop in the online Appendix
(see Lemmas D.1 and D.3).

The first theorem states that, if the active moment restrictions are all valid, then the
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marginal likelihood selects the model that contains the maximum number of overidentifying
conditions, that is, the model with the maximum number of active moment restrictions and
the smallest number of parameters of interest. This means that the marginal likelihood-based
selection procedure enforces parsimony.

For a model M, the dimension of the parameter of interest 8° to be estimated is p, while
the number of active moment restrictions (included in the model for the estimation of %) is
(d — d,,). Consider two generic models M; and M. Then, d,, < d,, means that model M,
contains more active restrictions than model M, and p, < p; means that model M; contains

more parameters of interest to be estimated than Ms.

Theorem 3.1. Let Assumption 2, Assumptions 5, 6 in the online Appendiz and (2.14) hold,
and consider J < oo different models My, ¢ = 1,...,J, that satisfy Assumption 1, that is,
they are all correctly specified. Then,

lim P (max logm(xy.,; My) < logm(xy.,; Mj)> =1
n—oo

L£j
if and only if p; + dy, < pe+dy,, VEF .

The result of the theorem implies that, with probability approaching 1, the Bayes factor
Bjy == m(x1.; M;)/m(x1.0; M) is larger than 1 for every £ # j. The result in the theorem
is an equivalence result saying that, if we compare models that contain only valid moment
restrictions, then the marginal likelihood selects a model M; if and only if M, contains
the maximum number of overidentifying conditions among all the compared models. An
illustration of this theorem is provided in Example 3 in the online Appendix.

Next, we consider the case where all models are wrong in the sense of Definition 2.1
and establish a major result of enormous practical significance. The result states that
if we compare J misspecified models, then the marginal likelihood-based selection pro-
cedure selects the model with the smallest KL divergence K(P||Q*(v")) between P and
Q* (1), where Q*(4°) is such that K(Q*(¢")||P) = infoep,, K(Q||P) and dQ*(")/dP =
ero W)t (X ) /jP [e*o(’p)'gA(X’d’)] by the dual theorem, as defined in Section 2.3. Because
the I-projection Q*(¢") on P is unique (Csiszar (1975)), which Q* (") is closer to P (in
terms of K (P||Q*("))) depends only on the “amount of misspecification” contained in each

model Pwe.
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Theorem 3.2. Let Assumptions 2 — 4, Assumptions 5 — 8 in the online Appendiz and (2.17)
be satisfied. Let us consider the comparison of J < oo models M;, j =1,...,J that all use

misspecified moments, that is, M; does not satisfy Assumption 1, Vj. Then,

n—o00 LF#]

lim P (log m(x1.n; M;) > maxlog m(x.,; Mg)) =1

if and only if K(P||Q" (1)) < ming; K(P||Q"(4")), where K(P|Q) := [ log(dP/dQ)dP.

Similarly as in Theorem 3.1, Theorem 3.2 establishes the equivalence result that, if we
compare models that all use misspecified moments, then the marginal likelihood selects a
model M; if and only if M; has the smallest Kullback-Leibler divergence K (P||Q* (/7)) be-
tween the true data distribution P and Q*(1?). Remark that the condition K (P||Q*(v¢’)) <
K (PHQ*(@be)), V¢ # j, given in the theorem does not depend on a particular value of v’
and 9°. Indeed, the result of the theorem hinges on the fact that the marginal likelihood
selects the model with the Q*(t/;j ) closer to P, that is, the model that contains the “less
misspecified” moment restrictions for every value of 1.

The result of the theorem also applies to the case where we compare a correctly spec-
ified model M; to misspecified models. Indeed, if model M; is correctly specified then
K(P||Q*(¥")) = 0 while if model M; is misspecified then K(P||Q* (7)) > 0.

Example 4 (Model selection when all models are misspecified). Fori = 1,...,n, let y; =
a + Bz + e;. Here, we generate z; ~ N(0.5,1) and e; from the skewed distribution in
(2.13) with mean zero and variance 1.625, independently of z;. Let 8 = (a, B)’, €;(0) =
(y; — o — Bz;) and the true value of @ be (0,1)". We compare the following models. Model j:
E”[(e;(0),€:i(0)zi,¢(0)%,¢,(0)* —2)'] =0, Model 5: EP[(e;(0),€:(0)z;,e;(0)> —2)'] =0 and
Model 6: EP[e;(0), e;(0)* — 2] = 0 which, written in terms of an encompassing grand model,

become respectively:
My E"[e(0)] =0, E[ei(0)2] =0, E7[(ei(0))’] =0, E"[(e;(0))* —2] =0
EP )

(€:i(8))°) = v1, E7[(es(0))* —2] =0 (3.6)
Ms : E"[e;(0)] =0, E"[e;(8)z] =vs, ET[(:(0))’] =01, E[(es(8))? 2] =0

M;s : EF[e;(0)] =0, Ef[e;(0)z] =0,

with Y* = 0, ° = (0,v1)" and Y° = (0,v1,v5)'. Thus, compared to Example 3 in the online

Appendiz, here we change the moment restriction that involves the variance of e;. When
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the underlying distribution has variance different from 2, all models M,, Ms, and Mg are
misspecified due to the new moment restriction: EF[(e;(0))* — 2] = 0. In Table 2, we report
the percentage of times the marginal likelihood selects each model out of 500 trials, by sample
size, under the default and training sample prior (based on 50 prior observations).

Because we know the true data generating process, we can compute, for each model, the
KL divergence between the true model P and Q*(1?) at the pseudo-true parameter ¥’ for
model M; based on (2.16). Using 10,000,000 simulated draws from P, our calculations show
that K (P||Q*(v)) is equal to 0.0283 for My, 0.0096 for Ms, and 1.4901 x 1073 for Ms.
Intuitively, Mg is the closest to the true model since it imposes fewer restrictions (only two
moment restrictions are active). This means that the set of probability distributions that
satisfy Mg is larger than (and contains) the sets of probabilities that conform with M, and
Ms. This flexibility ensures that the divergence between the set of probabilities that satisfy
Mg and P (as measured by the KL) will be at least as small as for My and Ms. As the
empirical results show, under each prior, the best model Mg picked out by our marginal
likelihood ranking is also the model that is the closest to the true model, consistent with the

prediction of our theory.

Default prior Training sample prior
Model M4 M5 M6 M4 M5 M6

n=250 26 56.8 40.5 3.0 62.0 35.0
n=>500 0.2 281 716 1.0 31.0 68.0
n=1000 0.0 4.2 95.8 0.0 4.0 96.0
n=2000 0.0 0.0 100.0 0.0 0.0 100.0

Table 2: Model selection when all models are misspecified. Frequency (%) of times each of the
three models in Example 4 are selected by the marginal likelihood criterion in 500 trials, by sample
size, for two different prior distributions.

Finally, suppose that some of the models that we consider are correctly specified and
others are misspecified in the sense of Definition 2.1. This means that, for the latter, one
or more of the active moment restrictions are invalid, or in other words, that one or more
components of V' are incorrectly set equal to zero. Indeed, all the models for which the active
moment restrictions are valid are not misspecified even if some invalid moment restrictions

are included among the inactive moment restrictions. This is because there always exists a
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value v € R%: that equates the invalid moment restriction. In this case, the true v, for this
model will be different from the zero vector: v, # 0 and the true value of the corresponding
tilting parameter A will be zero.

For this situation, Theorems 3.1 and 3.2 together imply an interesting corollary: the
marginal likelihood selects the correctly specified model that contains the maximum number
of overidentifying moment conditions. Without loss of generality, denote this model by M;.

Then we have the following result.

Corollary 3.1. Let Assumptions 2 — 4, and Assumptions 5 — 8 in the online Appendix
hold, and let either (2.14) or (2.17) be satisfied, depending on the model. Let us consider
the comparison of J different models M;, j = 1,2,...,J where M, satisfies Assumption 1

whereas M, j # 1 can either satisfy Assumption 1 or not. Then,

n—o0

lim P <log m(xy.,; My) > mﬁ(log m(a:lm;Mj)) =1
J

if and only if (p1 + dy,) < (p; + dy;), Vj # 1 such that M; satisfies Assumption 1.

This corollary says that, if we compare a set of models, some of them are correctly specified
and the others are misspecified, then the marginal likelihood selects model M; if and only
if M; is correctly specified and contains the maximum number of overidentifying moment

conditions among the correctly specified models.

4 Applications

The techniques discussed in the previous sections have wide-ranging applications to vari-
ous statistical settings, such as generalized linear models, and to many different fields, such as
biostatistics and economics. In fact, the methods discussed above can be applied to virtually
any problem that, in the frequentist setting, would be approached by generalized method
of moments or estimating equation techniques. To illustrate some of the possibilities, we
consider in this section two important problems: one in the context of count regression, and

the second in the setting of instrumental variable (IV) regression.
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4.1 Count regression: variable selection

Suppose that y;, ¢ = 1,...,n arise from the negative binomial (NB) regression model

p
vilB,x; ~ NB <—m, p) : w; >0, pe(0,1)
I=p (4.1)

log(:) = =3

where p; is the size parameter, ; = (214,22, 23;), and 8 = (f1 = 1,6, = 1,03 = 0).
Thus, x3; is a redundant regressor. Each explanatory variable z;; is generated i.i.d. from a
N(.4,1/9) distribution and p is set equal to 1/2. In this setting, suppose we wish to learn

about 3 under the moment conditions

E” [(yi — exp(B121, + Botai + Ba3;)) ;] = 0
EP (y - exp(wéﬁ)>2 Y (4.2)

exp(z;f3)

The first type of moment restriction (one for each z;; for j = 1,2, 3) is derived from the fact
that the conditional expectation of y; is exp(x;3) and this identifies 3. The second type of
restriction is suggested by a Poisson model (which is misspecified when the data arise from a
NB). More specifically, if v = 0 that moment condition asserts that the conditional variance
of y; is equal to the conditional mean.

Suppose that we are interested in determining if z3 is a redundant regressor and if the
conditional mean and variance are equal. To solve this problem, we can create the following

four models based on the grand model (4.2) with the following restrictions:

M : 81 and [y are free parameters, 3 = 0 and v = 0.

M, : By, P, B3 are free parameters and v = 0. (43)
4.3

Ms : (1, P and v are free parameters, and [3 = 0.

My : p1 P2, B3 and v are free parameters.

As required, each model has the same moment restrictions. The different models arise from
the different restrictions on 3 and v. In this set-up, models M3 and M, are the correctly

specified models but M3 has more overidentifying moment restrictions than M. We conduct
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our MCMC analysis and compute the marginal likelihoods of the four models by the Chib
(1995) method under the default student-t prior distribution on @ given in (2.11). The
results are given in Table 3. The results show that the frequency of selecting Mz is 94%
for n = 250 and this percentage increases with sample size, in accordance with our theory.
In addition, neither model M; nor M, (which state equality of the conditional mean and

variance) is picked for any sample size.

Model Ml M2 M3 M4

n =250 0.00 0.00 0.94 0.06
n=>500 0.00 0.00 0.95 0.05
n = 1000 0.00 0.00 0.96 0.04

Table 3: Frequency (%) of times each of the four models in (4.3) are selected by the marginal
likelihood criterion in 500 trials. Model choice with Negative Binomial DGP. Model M3,
defined by 83 = 0 and v free, is the true model. The other models are defined in the text.

In the online Appendix A we report a similar analysis where the data are generated from
a Poisson model. We emphasize that our analysis of these data, and the comparison across
models, was light in terms of assumptions. The Poisson and negative binomial distributions
are used to simply obtain a sample. These distributional forms are not featured in the
estimation or the model comparison. A reader of this paper wondered how a parametric
Poisson model would have performed for these data. Since the data was generated under
either a Poisson model or a model close to a Poisson model, the marginal likelihood of the
Poisson model (correctly) is higher than that of the moment model. But this performance
suffers dramatically if the data are generated from a count process that is quite different
from the Poisson. For instance, suppose that the data are generated under the assumption
that the first three moment conditions hold. We have developed a way of generating such
a sample which works as follows. We first generate a large population of count data from
an arbitrary count process (say y; = [exp{f121,; + S2x2; + 20N (0,1)}], setting any negative
observations to zero and where |a] denotes the largest integer less than or equal to a). We
then find the ETEL probabilities p} consistent with the given moment conditions. Finally, we
sample the population of observations according to these probabilities. The resulting sample
satisfies the moment conditions but has no connection to the Poisson or negative binomial
distributional forms. For such a design, in 500 replications, in the parametric Poisson models

(one with 3 = 0 and one with 5 free), the Poisson model with 53 = 0 is selected 42% when
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n = 250, 46% when n = 500, and 45% when n = 1000. Thus, the Poisson assumption is
not capable of selecting the correct case. In addition, when these two Poisson models are
compared along with the 4 moment models in (4.3), for which the marginal likelihoods are
computed with our method, M; is decisively preferred over the Poisson models in terms of

marginal likelihood and the frequency of times it is selected is similar to that reported above

in Table 3.

4.2 IV Regression

Consider now the commonly occurring situation with observational data where one is

interested in learning about the causal effect parameter 5 in the model
y=a+zf+w+e, Ef[e] =0

but the covariate z is correlated with the error, due to say unmeasured or uncontrolled
factors, apart from w, that are correlated with x and that reside in . Also suppose that one
has two valid instrumental variables z; and z, that (by definition) are correlated with  but
uncorrelated with e. In this setting we can learn about 0 := («a, §, ) from the overidentified

moment restrictions

E” [(y; — a — 2 —wid)] = 0 (4.4)
E” [(yi — o — 248 — w;d) z15] = 0 (4.5)
E” [(y; — o — 28 — w;d) 221) = 0 (4.6)
E”[(yi —a - —wd)w] =0,  (i<n) (4.7)

without having to model the distribution of € or the model connecting 2 to x.

In order to demonstrate the performance of our Bayesian prior-posterior analysis in this
setting, we generate data on (y;, z;, 215, 22;) from a design that incorporates a skewed marginal
distribution of ¢ and substantial correlation between = and . In our DGP we assume that y =
1+.52+.Tw+e, x = z1+22+w+u, and generate z; from N(.5,1) and w from Uni form(0, 1).
The errors (e, u) are generated from a Gaussian copula whose covariance matrix has 1 on

the diagonal, and .7 on the off-diagonal, such that the ¢ marginal distribution is the skewed
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bivariate mixture 0.5 (.5,.5?)+0.5N (—.5,1.118?) and the u marginal distribution is A"(0, 1).
We generate n = 250 and n = 2000 observations from this design and use moment conditions
(4.4)-(4.7) and our default student-t prior given in (2.11) to learn about 8. The results shown
in Table 4 and Figure 1 demonstrate clearly the ability of our method to concentrate on the

true values of the parameters, under minimal assumptions.

mean sd  median lower upper ineff
n = 250
a 126 0.11 1.26  1.04 1.48 1.26
g 055 0.03 0.55 048 0.61 1.41
o 0.28 0.17 0.28 -0.06 0.60 1.27
n = 2000
a 1.01 0.05 1.01  0.92 1.10 1.30
g 051 0.02 0.51 048 054 1.33
o 0.66 0.07 0.66 0.52 0.81 1.38

Table 4: Posterior summary for two simulated sample sizes from IV regression model with skewed
error. The true value of a is 1, of B is .5 and of § is .7. The summaries are based on 10,000 MCMC
draws beyond a burn-in of 1000. The M-H acceptance rate is around 90% in both cases.

Posterior densities by sample size

ot
L

0.4 0.5 0.6

Figure 1: Posterior densities of 8 in the IV regression with skewed error. Posterior densities are
based on 10,000 draws beyond a burn-in of 1000. The M-H acceptance rate is about 90% for each
sample size.

Now suppose that we are unsure that 2, is an appropriate instrument. We can address

this concern by estimating a new model M, in which the moment condition (4.6) is not
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active. The marginal likelihood of this model can be compared with the marginal likelihood
of the previous model M;. The results show that for n = 250, the log-marginal likelihood of
M; is —1395.807 and that of M, is —1398.092, while for n = 2000, the corresponding log-
marginal likelihoods are —15217.78 and —15222.65, respectively, thus correctly indicating

for both sample sizes that z, is an appropriate instrument.

5 Conclusion

In this paper we have developed a fully Bayesian framework for estimation and model
comparisons in statistical models that are defined by moment restrictions. The Bayesian
analysis of such models has always been viewed as a challenge because traditional Bayesian
semiparametric methods, such as those based on Dirichlet process mixtures and variants
thereof, are not suitable for such models. What we have shown in this paper is that the
Exponentially Tilted Empirical Likelihood setting is an immensely useful organizing frame-
work within which a fully Bayesian treatment of such models can be developed. We have
established a number of new, powerful results surrounding the Bayesian ETEL framework
including the treatment of models that are possibly misspecified. We show how the mo-
ment conditions can be reexpressed in terms of additional nuisance parameters and that the
Bayesian ETEL posterior distribution satisfies a Bernstein-von Mises theorem. We have also
developed a framework for comparing moment condition models based on marginal likeli-
hoods and Bayes factors and provided a suitable large sample theory for model selection
consistency. Our results show that the marginal likelihood favors the model with the mini-
mum number of parameters and the maximum number of valid moment restrictions. When
the models are misspecified, the marginal likelihood-based selection procedure selects the
model that is closer to the (unknown) true data generating process in terms of the Kullback-
Leibler divergence. The ideas and results illumined in this paper now provide the means
for analyzing a whole array of models from the Bayesian viewpoint. This broadening of the
scope of Bayesian techniques to previously intractable problems is likely to have far-reaching

practical consequences.
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Supplementary Material: the supplementary material in the online Appendix contains

further examples, assumptions and the technical proofs of the results in the paper.

Appendix

In this Appendix we provide the proof of Theorems 3.1 and 3.2. The proofs of all the
other results are in the online Appendix.

Notation: Let /A\(z,b) = argminycgpa + >0 [exp{Ng*(z;,¥)}]. We recall the Schen-
nach (2007) ETEL estimator of t, denoted by 9 := (6, ):

n

~ 1
By -

=1

AW) g (xi, ) — log — Zexp{)\ ) A(a;j,¢)}] (C.1)

The following notation is used hereafter. The ETEL estimator of ¥¢ in model M, is:

¢ = arg max 5 [Xw‘)/g/*(wi,wf) - 1og%Zexp{w@)’g"‘(wj,we)}] (D.1)
=1 =1
where 3‘(11’6) = argminycpd ;; 1 Z? 1 [eXp{/\/gA(CBu 1/’€)H Denote §A( é) = %Z?:l QA(C%KM),
~ 1
! =) L) = exp (N ) [ S exp(R Vg 9} ] om0 =
exp{ X (P")EF [g4(z, ¢")]} (EF [exp{X.(¥")'g A(a:,@bf)}]) . Moreover, we use the notation
%, = (T4A;'Ty) " where Iy := EP [W,g (X,zpi)] and A, == EP[gA (X, 9')g" (X, v')].

In the proofs, we omit measurability issues which can be dealt with in the usual manner by

replacing probabilities with outer probabilities.
Proof of Theorem 3.1: By (3.5) and Lemmas D.1 and D.2 in the online Appendix we

obtain

P (rggxlog m(@1:n; Me) < log m(@y:; Mj)) = P(Iggx [— 593 'ATG) + log (' [My)
j ]
pe + d, 1
_ (f—2£>(10gn —log(27)) + —log ]Zg\] —gj ‘A1 gj + 0,(1)
(pa + dy,)

~J
< logn(®|My) - H

(logn — log(27)) + %log ]Ej\). (D.2)

Remark that nﬁij_l/g\]A A Xi—(pj—&-duj)’ V4, so that n/g\j-VA_l/g\;l = O,(1). Suppose first that
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(pe +dy, > p; +dy,), VL # j. Since —n/g\f,AAﬁ? < 0 for every ¢, we lower bound (D.2) as

P (r?;xxlog m(@x1.,; M) < logm(xy.p; M])) > p(%gij—lgf + 0,(1)
J

< logn [minﬁ#j (pf + dw) 2 de B minﬂ;ﬁj (pé + dvz) —DPj — d'Uj) 10g(27’(’)
2 2logn
~0 ~j
_ log[maxes (v [Me)/m(p | My)] 1 max log [ — log || D
logn 2logn \ ¢#i ¢ /
Noar « qn ming.;(pe + dy,) — pj — do, B
= P(igj AT'gT 4 0,(1) < logn d 22 ! + O, ((logn) 1)] ) (D.3)

Because Z,, = O,(1) (and is asymptotically positive) and ZZ,, is strictly positive as n — oo
(since (pe + dy,) > (p;j + du,), VL # j) and converges to +oo, then the probability converges

to 1. This proves one direction of the statement.

To prove the second direction of the statement, suppose that lim,,_,o, P(maxy; log m(xy.,; M) <
log m(x1.,; M;)) = 1 and consider the following upper bound (which follows from (D.2) and
the fact that 7”fg\j~VA_1/g\;4 > 0, Vn):

P (Iil;?x IOg m(wl:n; Mf) < logm(mlzn; M]))
J

< P (logm(@1.0; Me) <logm(xin; M),  VU#

M oAl 1 ~A (pj + d'Uj) — (pe + dy,) 1 .
< _
_P< 59t A'g, +op(1)+logn[ 5 +0, Tog } <O>7 Ve # .

(D.4)

Because the probability in the first line of (D.4) converges to 1 as n — oo then, necessarily,

the probability in the last line of (D.4) converges to 1 which is possible only if (p; + d,;) <

(pe + dy,) because logn [(pﬁdvj );(pﬁdve)] is the dominating term since —%ﬁf/A*{Zj

A
, < 0

and it remains bounded as n — oo. Since the first inequality in (D.4) holds V¢ # j then

convergence to 1 of the probability in the last line of (D.4) is possible only if (p; + d,,) <
(pf + dw)v ve 7£ J-

O

Proof of Theorem 3.2: We can write logp(xy.,|¢"; M) = —nlogn + nlogZ(@bg).
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Then, we have:

P (log m(xy.,; M;) > r%?xlog m(T1n; Mg)) = P<n log E(l/)i)—i—log ﬂ(z/)i]Mj)—log W(i/)i]wlm, M;)
J

> maxinlog L(1) + log m(3| M) — log m(4 @, Mo)))
L(y?) L(y%)
L(y?) L(y!)

= P<n log L(v?) + nlog +B; > max [n log L(3%) + B¢ + nlog D (D.5)
j
where V¢, By = logn(t|M;) — log w(v!| 21, My) and B, = O,(1) under the assump-
tions of Theorem 2.2. By definition of dQ*(+)) in Section 2.3 we have that: log L(v’) =
E"[log dQ*(v;)/dP] = —~EF[log dP/dQ" (v:)] = —K(P||Q"(,)). Remark that E[log(dP/dQ*(4?))] >
E”[log(dP/dQ*(+)1))] means that the KL divergence between P and Q*(1)'), is smaller for

model M than for model M,, where Q*(2)°) minimizes the KL divergence between Q € Pyt
and P for ¢ € {1,2} (notice the inversion of the two probabilities).

First, suppose that min,.; E” [log (dP/dQ*(%))] > ET [log (dP/dQ*(+))]. By (D.5):

L#]

P (log m(x1.,; M;) > maxlog m(x1.,; Mg)) >

L(y? Ly 1 .
P | 1og LEZZ§‘%X]0g LE%+5<Bj—glgxsz>>rg%xlogL<wi>—logL<wz,> (D)

- ~

~
=Ty

This probability converges to 1 because Z, = K (P||Q*(1?)) — ming; K(P||Q*(%)) < 0 by
assumption, and |log Z(wé) —log L(4")| & 0, for every ¥* € ¥’ and every ¢ € {1,2} by
Lemma D.3 in the online Appendix.

To prove the second direction of the statement, suppose that lim,,_,., P(log m(x;.,; M;) >

maxyz; log m(xy.,; My)) = 1. By (D.5) it holds, V¢ # j

P (log m(xy.,; M;) > r?;?xlog m(T1n; Mg)) <
J

L) | L) 1 L(¥:)
P(logm — log L) + E(BJ’ — By) > log m) (D.7)

Convergence to 1 of the left hand side implies convergence to 1 of the right hand side which

is possible only if log L(2p%) — log L(v?) < 0. Since this is true for every model ¢, then this
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implies that K (P||Q*(v!)) < mingz; K (P||Q*(v%)) which concludes the proof.
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A Examples

Example 2 (Misspecified model and pseudo-true value). Let us consider the model y; = a+
ei, i =1,...,n, with e; independently drawn from the skewed distribution P given in (2.13).
We consider the following two moment conditions EX[y; — o] = 0 and EP[(y; — «)?] = 0.

This situation 1s different from the one illustrated in Fxample 1 in the paper because there
are no covariates and the augmented parameter v is (incorrectly) forced to be zero. In turn,
a has to satisfy both the moment restrictions, which is impossible under P. Instead, for each
« the ETEL function is defined by the probability measure Q*(«) which is the closest to the
true generating process P in terms of KL divergence among the probability measures that
are consistent with the given moment restrictions for a given . In Figure 2 (left panel), we
present EP [log(dQ* () /dP)] which is equal to — K (P||Q*(«)). The value that mazimizes this
function is different from the true value (a = 0) and it is peaked around —0.056. This value
1s the pseudo-true value. In the right panel of Figure 2, we present the BETEL posterior
distribution of « for five different sample sizes. The BETEL posterior distribution shrinks

*Olin Business School, Washington University in St. Louis, Campus Box 1133, 1 Brookings Dr. St. Louis,
MO 63130, USA, e-mail: chib@wustl.edu

"Department of Economics, University of Illinois, 214 David Kinley Hall, 1407 W. Gregory, Urbana, IL
61801, e-mail: mincshin@illinois.edu

ICREST - ENSAE - Ecole Polytechnique, 5, avenue Henry Le Chatelier, 91120 Palaiseau France, e-mail:
simoni.anna@gmail.com


chib@wustl.edu
mincshin@illinois.edu
simoni.anna@gmail.com

and moves toward the pseudo-true value, in conformity with our theoretical result.
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Figure 2: Posterior distributions in Example 2 under misspecification. Left panel presents the
function a — Ef[log(dQ*(a)/dP)] where Q*(a) := arginfoep, K(Q[|P) with ¢ := (a,0). For each
a, we approximate this function based on the dual representation in (2.16) — which is valid under
Assumption 3 — using five million simulation draws from P. In the right panel, we present the
BETEL posterior distribution of the location parameter « for n = 250, 500, 1000, 2000, 5000 where
n is the number of observations. The prior distribution for « is student-t with mean 0 and dispersion
5. Vertical dashed lines are at the pseudo-true parameter value, approximately equal to —0.056.
Posterior densities are based on 10,000 draws beyond a burn-in of 1000. The M-H acceptance rate
is about 90% for each sample size.

Example 3 (Model selection when all models are correctly specified). We suppose that for
every i = 1,....n, y; = o+ Bz + e;, where z; ~ N(0.5,1) and e; ~ N(0,1) indepen-
dently of z;. Let 0 = (a, ), e;(0) := (y; — o — Bz;) and the true value of 6 be (0,1). We
compare the following models. Model 1: EP[(e;(0),e;(0)zi, e;(0)3,e;(0)> — 1)'] = 0, Model 2:
E”[(e;(0),€:(0)zi,e;(0)> — 1)] = 0 and Model 3: EF[(e;(0),e;(0)> — 1)'] = 0 which, reformu-

lated in terms of an encompassing grand model, become respectively:

M, : EP[e;(0)] =0 . Ef[ei(0))] =0, Ef[e;(0)*—-1]=0
My B (0)] =0, BPe(0)z] =0, B0 = o BP0 —1 =0,  (AD)
M3 . EP[el(H)] = 0, EP[SZ(Q)ZZ] = V9, EP[61<9)3] = 1, Ep[ei(9)2 — 1] =0.

with Y1 = 0, Y* = (0,v1) and Y3 = (0,v1,v9). Note that the last two moment restrictions

(which concern the third and second moments) serve as extra information to infer the pa-

rameter 6, when they are active. Under the standard normal error distribution, all the three



models are correctly specified: My has four active moment restrictions while Moy and M3 have
three and two active moment restrictions, respectively.

In Table 5, we report the percentage of times the marginal likelihood selects each of these
models in 500 trials, for different sample sizes. Model My, the model with the larger number
of valid restrictions, is selected 99% of times by sample size of n = 500. The results are
virtually indistinguishable for the training sample prior (based on 50 prior samples). Under

both priors the proportion of correct selection tends to one.

Default prior Training sample prior
Model M1 Mg M3 M1 M2 M3

n=250 978 1.6 0.6 98.0 1.6 0.4
n=500 99.0 08 0.2 99.0 0.8 0.2
n=1000 99.2 0.6 0.2 99.2 0.6 0.0
n=2000 99.2 0.8 0.0 99.2 0.8 0.0

Table 5: Model selection when all models are correctly specified. Frequency (%) of times each of
the three models in Example 3 are selected by the marginal likelihood criterion in 500 trials, by
sample size, for two different prior distributions.

Example (Count regression: variable selection (continued)). Consider the case where the
data are drawn under the Poisson assumption (this information is, of course, not used in
the estimation). Specifically, suppose we generate n realizations of {y;, x;} from the Poisson
model

il B, xi ~ Poisson(p;), i=1,...,n
| (1) a2

log(p:) = 3.

where = (P1,Pa, P3) and x; = (14,224, x3;), with B = 1, B = 1, B3 = 0. Thus,
x3; s a redundant regressor. Each explanatory variable x;; is generated i.i.d. from normal
distributions with mean .4 and standard deviation 1/3. Given these data, our goal is to
evaluate the finite-sample performance of our marginal likelihood criterion in picking out the
correct model. We conduct our MCMC' analysis and compute the marginal likelihoods of the
four models by the Chib (1995) method under the default student-t prior distribution on [
given in (2.11). The results, in Table 6, give the percentage of times in 500 replications that
the marginal likelihood criterion picks each model for three different sample sizes. As can be
seen, the model with the largest number of overidentifying moment restrictions My is selected

by the marginal likelihood criterion with frequency close to one even when n = 250.



Model M1 M2 M3 M4

n =250 099 0.01 0.01 0.00
n =500 0.99 0.00 0.01 0.00
n =1000 0.99 0.00 0.00 0.00

Table 6: Frequency (%) of times each of the four models in (4.3) are selected by the marginal
likelihood criterion in 500 trials. The DGP is the Poisson model given in (A.2).

B Assumptions

In this section we state the assumptions that are used to prove the theorems in the
paper. For completeness we also report Assumptions 1 — 4 that were already stated in the
paper. We start by stating the assumptions that are used in Theorem 2.1 and then the
other assumptions relevant for misspecification. As a consequence the numbering is not in

the order.
Assumption 1. Model (2.2) is such that ¢ € U is the unique solution to EF [¢4(X, )] = 0.

Assumption 2. (a) 7 is a continuous probability measure that admits a density with respect

to the Lebesque measure; (b) w is positive on a neighborhood of 1,.

The following two assumptions relate to the smoothness of the function g*(z, 1)), its

moments, and the parameter space.

Assumption 5. (a) X;, i =1,...,n are i.i.d. random variables that take values in (X,By)
with probability distribution P, where X C R%; (b) for every 0 < d, < d—p, ¢ € ¥ C
R? x R% where © and V are compact and connected and ¥ := © xV; (c) g(x,0) is continuous
at each 0 € © with probability one; (d) B [sup,cy g% (X, ¥)[|*] < oo for some a > 2; (e) A

18 nonsingular.

Assumption 6. (a) ¥, € int(V); (b) g*(z,v) is continuously differentiable in a neighbor-
hood L of 1, and B [sup,,cy [|0g* (X, ) /09| r] < 00; (¢) rank(T) = p.
Assumptions 5 and 6 are the same as the assumptions of Newey and Smith (2004, Theorem

3.2) and Schennach (2007, Theorem 3).

We now consider misspecified models.

Assumption 3. For a fived ¢ € ¥, there exists () € Py such that Q) is mutually absolutely

continuous with respect to P, where Py is defined in Definition 2.1.

Assumption 4. The prior distribution w is positive on a neighborhood of 1, where 1, is as
defined in (2.16).



In addition to these assumptions, to prove Theorem 2.2 we also use Assumptions 5 (a)-
(d) and 6 (b) in the previous section. Finally, in order to guarantee n~'/?-convergence of h\
towards A, and n~"/2-contraction of the posterior distribution of v around 1., we introduce
Assumptions 7 and 8. These assumptions require the pseudo-true values A, and 1, to be
in the interior of a compact parameter space, and the function g“(z,) to be sufficiently
smooth and uniformly bounded as a function of 1. These assumptions are not new in the
literature and are also required by Schennach (2007, Theorem 10) (adapted to account for

the augmented model).

Assumption 7. (a) There exists a function M(-) such that EX[M(X)] < oo and || g? (z, )| <
M(x) for ally € V; (b) X\o(¢) € int(A(Y)) where A(v)) is a compact set and X, is as defined
in (2.16); (c) it holds BY |sup,cy scap ¢ X9 < oo,

Assumption 8. Let 1, be as defined in (2.16). (a) The pseudo-true value v, € int(V) is

the unique maximizer of

Ao(0)EF [g4 (X, ¥)] — log EF [exp{ Ao (v) g™ (X, ¥)}],

where U is compact; (b) Sj(wi,v) = 029 wy,9) /0000, is continuous in ¢ for b € U,
where U, denotes a ball centred at 1, with radius n='/?; (c) there exists b(x;) satisfying
EF [supweuo SUD e () exp{flegA(X,w)}b(X)’”] < oo for k1 = 0,1,2 and ko = 0,1,2,3,4
such that [|g(ze, 9)|| < b(:), 10" (@1, )00 | < ble) and ||z, )| < blae) for jy1 =
L,...,p for any x; € (X,Bx) and for all Yy € Us.

C Proofs for Sections 2.2 and 2.3

In this appendix we prove Theorems 2.1 and 2.2 and Lemma 2.1. It is useful to introduce
some notation that will be used hereafter. The estimator ’(//)\ = (é\, v) denotes Schennach
(2007)’ETEL estimator of :

n

@E ‘= arg max l Z [X(zﬁ)’gA(xi, 1Y) — log % Z exp{X(@Z))’gA(xj, ¢)}] (C.1)

Yel n

1=

where :\\(77/1) i= arg minyega - >0 [exp{Ng*(2;,¢)}]. The log-likelihood ratio is:

n

o) = by (1) = log O e
nyp\ L) = bnpo(T) =108 - — log -
% Z?:l [GA(w)/gA(ggj,qp)] % 2?21 [eA(wO)IQA(J?jﬂ/)o)

. (C.2)
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C.1 Proof of Theorem 2.1

Denote by h := \/n() — 1,) the local parameter and Vy, := IA7IT. We denote by 7"
and 7*(+|71.,) the prior and posterior distribution, respectively, of the local parameter h.
Therefore, 7 (h) = n=%/?x (¢, + h/\/n), where dy, == (p + d,), and

m(ths + h/\/m) exp{log Pt )
f 7(1, + h/+/n) exp{log Z%W}dh

. O (i + b/ exp {bg

7"(h|r1y,) =

p(iﬁ;n’w* + h/\/ﬁ) }
P(T1n )

and we need to show (2.15) which is equivalent to

dh % 0.

Cn_lﬂ(% + h/\/ﬁ) exp {log P(T1p|ths + h/\/ﬁ)} . (27r)—d¢/2lvw*|1/2€{—h’Vw*h/2}
p(xln‘w*)

(C.3)
Remark that

dh

Gt + /i) exp {tog PV, gy, v

(1[0 + /)
p(x1:n|¢*)

<ot

n

b n(wexpl vz} an

(¥ + h/v/n)exp {log b

+ O | | exp{—h'Vy,h/2} — Cp(2m) "%/ 2|V |12 exp{—h'Vy, h/2}| dh

— T, +T,. (CA)

Term Z; 2 0 by Lemma C.1 below. Because Lemma C.1 implies that C,, % m(1,)(27)%/2|V,, |~/2,
then term Z, - 0 and this concludes the proof of the theorem.

Lemma C.1. Under Assumptions 1, 2, 5, 6 and (2.14),

/

7(¥e + h/ Vi) exp {log ng(’;”j wh; Vi) } — w(0.) exp{—H'Vy h/2} dh B0 (C.5)




Proof. Given any §,c > 0 we break the domain of integration into three regions: (I) A; :=

{hi b < clogy/}: (IT) Ay == {hiclog /i < [[B]] < dy/m}: (1) Ag = {hs [[B]] > 5y/m}.
We begin with Aj:

w@m.+h/v%>am{mgp“”"w@*”“V””}—wwwnexp{—hW@JMQﬂdh
As p(xlnhb*)
</ W(¢*+h/\/ﬁ)e{2f1(ln,w*+h/ﬁ(~’0z)ln,w*(xz))}dh_i_/ W(@b*)e{_hlw*h/z}dh.
As Az

The first integral goes to zero by (2.14). The second integral goes to zero by the properties
of the tails of a normal distribution. Let us consider A;. By (C.9) and (C.7) in Lemma C.2

we have, for a generic constant C"

/

SeCn—l/ﬂog\/E/ W(?/J*—i-h/\/ﬁ)
A

(T1n s + h/V/0)
P(T1:0]t04)

b n(w o1V, n/2}| an

T(Pw + h/y/n) exp {log £

oW Vi h/24Cn = 2 h2 _ ~h'Vig, h/2

dh + oy(log v/n/+/n)

+ / |7 (s + h/V/R) — m(,)| e Ve 2dh.
Ay

Because 7 is continuous at 1, by Assumption 2, the second integral goes to zero. Because
eCn 2RI _ 1| < Cn 2RI

Cn~'/2||h]|?| for a generic constant C, the first integral is

< sup (v, + h/ﬁ)/ e Vi h/2 eCn—l/QHhHQ _ 1‘
Ay

heA,

< sup 7(. + h/y/n) sup O 2l ‘C’n_l/2||h||2| e Vel 2dh = 0,(1).
hGAl heAl Al

Next, consider the last region of integration and use (C.8) and (C.9):

J

(mlan* + h/\/ﬁ)
P(T1:0]t4)

b ntwyexpt-nvinj2}| dn

T(Pw + h/y/n) exp {bg £



< O / (o )T (S Vo 2 g / (1) Vo2,

Az Az

(C.6)

The second integral can be upper bounded as (for a generic constant C' > 0):

/ m(yo)e Ve dh < 2m (et VIPmnVe) 2 (6 /n — clog v/n) < Om(4h) v

ncpmin (Vw* )/4
Az

so that by choosing ¢ > 2pu,, the integral goes to zero because, under Assumptions 5 (e)
and 6 (c), pmin(Vy.) is strictly positive, where ppin(Vy,) denotes the minimum eigenvalue
of the matrix V;,.. To control the first integral in (C.6), there exists a N such that for
alln > N: P (—h’Vw*h/Z K (% S L (2) — Vw*> h/2 < —h'Vy, h/4 for all h € Ag) >
1 — €. Therefore, with probability larger than 1 — ¢,

/ w4 By Vo b (i Bl o)V 2 g < sup (i 4+ /) / M
A2 A2

heAs

which converges to zero as n — oo. Finally, by putting these three results together we show

(C.5).

0
Lemma C.2. Let Assumptions 1, 2, 5 and 6 hold and denote h := \/n(¢ —.) and Vi, :=
AT, Then,
p(wlanJ* + h/\/ﬁ) 1 / 2y,,—1/2
lo = ——h'Vy h+ O, ((||h|| + |R||*)n~1?). C.7
8 ) 5 Vs p(([[2]] + [A]7)n =7 (C.7)
Proof. Denote dy := (p + d,), TN, 3) = A W'g* (@) and oY) =1 Sy 17( ;).

Moreover, let GA(z,1,) := dg*(x, v )/(%Mw:d} be a matrix of dimension d X dy. A ﬁrst order
Taylor expansion of h + log p(x1.,|10«+h/y/n) around h = 0, with Lagrange remainder, gives:

p(1ltbe + h/y/m) 1
log <l'1n|¢*) \/_ Z ln s xl h + Z h ln v ‘rl (08)

where by, (2) = (@) /00 yy s Lo (@) = Ploy(2)/(000Y)],_,, and ¢ = ¢. +



th/y/n, t € [0,1]%. Simple computations give:

I , 1 < TN\ [~ AN,
%;ln7w*<xi)h = ﬁ; (1_ Tn(B\\J/J*) ) (A(iﬁ*) GA(%%)JFQA(%%) diﬂ' )h

= 0,(n"|h]) (C.9)

since under Assumption 5, A(1,) = O,(n~'/2) by Newey and Smith (2004, Theorem 3.1)
N T(X,%,xi)

Tn()‘ﬂp) /\
theorem and strict convexity of A\ — £3°.  exp{Ng*(xz;,4)}). Denote Ai(\ ¢, z;) =

(MY GA @i, 1) + g (w1, 9) D). Then,

and |1 = 0,(n"'/2) by continuity of ¥ — A(¢) (due to the Birge’s maximum

1 ¢ 7 _ W & wt,% 4~ g] (i, 94)
n Zhln’wt(xi)h T n < (1 (N, ) ) <g)\ () oY
5\ d

dX(wt)/ A dA(¢y) A dQX'(wt)
+ ( i) + GO (x 'L;wt) d +;gj (24, ) dw]dw/ )h

/1 - T<X7wt7xz) T(Xﬂ/ft,%)l - N N / N
3 (RS A e TRl b G ) A

:_h/%Z TN e, 1) dA(,) 4

T\ t) A 9" (i, 00)g " (s, ) (¢)h+op(y\h”2nfl/z)

i’
= —WT'A7'Th+ O,(||h|*n~ %) (C.10)

because: (i) under Assumption 5, A(¢,) = O,(n"Y/2) by Newey and Smith (2004, Theo-

% = 0,(n"'/%) by continuity of ¢ A®) (due to

the Birge’s maximum theorem and strict convexity of A\ — %Zi:l exp{Ng”(z;,¥)}); (ii)
T (N e, ;)™ (25, 1b) = Op(n~1/2) by the results in (i) and Newey and Smith (2004,
Lemma A.3); (1) d’zh;p,t = AT +0,(n"Y?) (by Assumptions 5 (b) - (d) and 6 (b) - (c)).
By replacing (C.9) and (C.10) in (C.8) we get the result of the lemma.

rem 3.1) so that SUD, o s |1

C.2 Proof of Theorem 2.2.

The main steps of this proof proceed as in the proof of Van der Vaart (1998, Theorem 10.1)
and Kleijn and van der Vaart (2012, Theorem 2.1) while the proofs of the technical theorems

and lemmas that we use all along this proof are new. Let us consider a reparametrization of
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the model centred around the pseudo-true value 1, and define a local parameter h = y/n(y —
1,). Denote by 7" and 7"(-|z1.,) the prior and posterior distribution of h, respectively.
Denote by @, the normal distribution N, Ao Vi and by ¢, its Lebesgue density. For a
compact subset K C RP such that 7"(h € K|x1.,) > 0 define, for any Borel set B C ¥,

7 (K O Blr1.,)

h R
Tl Blen) = )

and let ®X be the ®,, distribution conditional on K. The proof consists of two steps. In
the first step we show that the Total Variation (TV) norm of 7% (-|z.,) — ®X converges
to zero in probability. In the second step we use this result to show that the TV norm of
7(:|x1.) — ®,, converges to zero in probability.

Let Assumption 8 (a) hold. For every open neighborhood U C W of ¢, and a compact
subset K C RP, there exists an N such that for every n > N:

%+K% cu. (C.11)

Define the function f,, : K x K — R as, Vky, ks € K:

¢n(k2)3n(l€1)ﬂh(k1))
O (k1) sn (k)T (k2) )

folky, ko) == (1 -

where (a); = max(a,0), here 7" denotes the Lebesgue density of the prior 7" for h and
$n(h) == p(x10|ho + h/\/1) /p(21.0]1s). The function f,, is well defined for n sufficiently large
because of (C.11) and Assumption 8 (a). Remark that by (C.11) and since the prior for
puts enough mass on U, then 7" puts enough mass on K and as n — oo: 7(k;) /7" (ko) — 1.
Because of this and by the stochastic LAN expansion (C.16) in Theorem C.1 below:

w(ke)su(k)m" (k) _ 1 : 1 :
zngkiizngk;;:hgk;; B _§(k2 B An’wo) Vwo (k2 N An’wo) + §(kl B A”ﬂ/’o) Vl/)o<kl - An,wo)

1 1
+ K Vi Apg, — §k'1V¢Ok1 — KV, Ay, + §k§V¢ok2 +0,(1) = 0,(1). (C.12)

log

Since, for every n, f, is continuous in (k;, k2) and K x K is compact, then

sup  fo(ki, ko) 50, as n — oo. (C.13)
k1,ko€eK

10



Suppose that the subset K contains a neighborhood of 0 (which guarantees that ®,,(K) >
0 and then that ®X is well defined) and let =,, := {7"(K|z1.,) > 0}. Moreover, for a given
n > 0 define the event Q, := {supy, r,cx fu(k1,k2) <n}. The TV distance || - |7y between
two probability measures P and (), with Lebesgue densities p and ¢ respectively, can be
expressed as: ||P — Qllrv = 2 [(1 — p/q)+dQ. Therefore, by the Jensen inequality and

convexity of the functions (-),

1 dOE (k)
—EP|| oKX — 7 (21 lg .= = EF 1— ——n2" ) drl(kylayn,)1
5 H n 7TK( |131. )HTV QnNZEn dnK bmﬂ) . ( 2|I1 ) QN

/ / fulky, ko)dDE (ky)drh (ky|z1.0) 10, 2,

E” sup fn(k1,k2)19m_n (C 14)

kl koe K

that converges to zero by (C.13). By (C.14), it follows that (by remembering that || - ||y is
upper bounded by 2)

E7|ric(|oin) — @ llrviz, < EPfmk (o) — @ lrvia.nz, + 2P(Q N Z,), (C.15)

where the second term is o(1) by (C.13). In the second step of the proof let K, be a sequence
of closed balls in the parameter space of h centred at 0 with radii M,, — oo and redefine =,
accordingly. For each n > 1, (C.15) holds for these balls. Moreover, by (C.18) in Theorem
C.2 below: P(Z,) — 1. Therefore, by the triangular inequality, the TV distance is upper
bounded by

E” |7 ([x10) = @nllry < E7|7"(|21n) = Pullrvlz, + EX7"(|21m) — Pallrvlzg
< E"|7t(fern) — 7k, Clzea) oy + E |7k, (i) — S5 vz,
+E7®) — @,y + 2P (Z5)
< 2E"(me, ([21:n)) + BV e (21:0) — @57 112, + 0(1) 0

since EP(n"(K¢|x1.,)) = o(1) by (C.18) and EP |7} (‘|lr1,) — ®Er|rvle, = op(l) by
(C.15) and (C.14), and where in the third line we have used the fact that: EF||7"(-|z1.,) —
e (o) llry = 2B (e (-|71n)) and [|@K — &, [l7v = |47 |7y = 0p(1) by Kleijn and
van der Vaart (2012, Lemma 5.2) since A,, 5, is uniformly tight.
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The next theorem establishes that the misspecified model satisfies a stochastic Local

Asymptotic Normality (LAN) expansion around the pseudo-true value v,.

Theorem C.1 (Stochastic LAN). Assume that the matriz Vy, is nonsingular and that As-
sumptions 5 (a)-(d), 6 (b), 3, 7, and 8 hold. Then for every compact set K C RP,

Sup log p(xlznh/}o + h/\/ﬁ) o hl

1
V. Apv + =WV h| 20 C.16
heK p(xl:n‘wo) v v 2 v ( )

where Vs is as defined in (2.16), Vi, = —EP[£,4.] and A, = \/Lﬁ Yoy szlﬁn,wo(xi) is
bounded in probability.
Proof. See Appendix E.

O

The next theorem establishes that the posterior of 1) concentrates and puts all its mass
on W, :={||vp — || < M, /+/n} as n — oo.

Theorem C.2 (Posterior Consistency). Assume that the stochastic LAN expansion (C.16)
holds for 1, defined in (2.16). Moreover, let Assumptions 2 (a), 3 and 4 hold and assume

that there exists a constant C > 0 such that for any sequence M, — oo,

1 & CM?
P sup — Ly () — L, (25)) < — Ll =1 C.17
(%5%712( o) = b () < == ) (1)

i=1

as n — oo where W, := {||v — .|| < M, /\/n}. Then,

T (V[ = Yol| > M| 21:) 5 0 (C.18)

for any M,, — o0, as n — oo.

Proof. See Appendix E.

C.3 Proof of Lemma 2.1.

By Theorem 10 of Schennach (2007), which is valid under Assumptions 5 (a)-(c), 3, 7
(c), (e) and 8: \/n(v) — 1) = O,(1). Denote hi=/n(t — ) and h := A, .. Because of
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(C.16), we have:

n

1 . 1~ o~
Z (lnﬂl}o-‘rﬁ/\/ﬁ - ln,wo> (z;) = % Z W Lo (i) — éh’V%h + 0p(1) (C.19)
=1 =1

Z <lnﬂbo+ﬁ/\/ﬁ - l”ﬂ/’O) (‘TZ) = ﬁ izlﬁlgn,wo (Iz) + Op(1>~ (C20)

=1

By definition of ¢ as the maximizer of oy lnw(x;), the left hand side of (C.19) is not
smaller than the left hand side of (C.20). It follows that the same relation holds for the right
hand sides of (C.19) and (C.20), and by taking their difference we obtain:

1 - 1 n . ' ~ ]_ n .
—— | h=—=> Ve ()| Vi [h——= V€, (z:) | +0,(1)>0. (C21
2( ﬁZl e oo ( )> ¢< \/EZZI o S ( )) p(1) (C.21)

Because —V, is negative definite then

1~ 1 . S SO R .
e =S @) | Vi (A =S v, () ) <0,
2( \/ﬁ; RN )) » ( ﬁ; L ( ))

This and (C.21) imply that HVJ;Q (ﬁ — \/Lﬁ Yo szlﬁn,wo(xi)) H % 0 which in turn implies
that

~ 1 <& .
h——Y V18 .. (z) ]l 20

which establishes the result of the lemma.

D Proofs for Section 3.3

In this appendix we prove Theorems 3.1 and 3.2 and Corollary 3.1. The proofs of The-
orems 3.1 and 3.2 have already been stated in the Appendix of the paper but for easiness
of reading we give them also here. For the same reason we remind the notation already
introduced in the Appendix of the paper. Recall the notation ¢ = (6, v%) and the estimator
Ot = (0°,7") denotes Schennach (2007)’ETEL estimator of ¢¢ in model M;:

n

! = arg max % 7AW gt (i, 0") — log % > exp{AW") g (x5, 4)} (D.1)
=1 j=1

13



where :\\(@b[) = arg min, cpa % Yoy [exp{)\’gA(xi, 105)}] Denote g4 (yf) := % Yoy g (s, "),
g =g (Y,

L(9*) = exp{A(@*) 3" (")} [ Zexp{A )97 xz,wf)}]

and L(¢%) = exp{\.(¥*)EF]g A(:E O]} (EF [exp{X (wf)’gA(x,W)}])_l. Moreover, we use
the notation ¥, = (I‘QAZIFK) where I'y := EP [aw A(X, @Df)} and A, := EP[g4(X, ) g (X, L))
In the proofs, we omit measurability issues which can be dealt with in the usual manner by

replacing probabilities with outer probabilities.

D.1 Proof of Theorem 3.1

By (3.5) and Lemmas D.1 and D.2 below we obtain

P (r?jxlogm(xln, M) < logm(zy.,; M])) = P(r?jx [— —gg ‘AL —|— 10g7r(17/b\e\]\/[g)
J J

De + dv 1
-t ) g —10g(2m) + 105 [50] + 25 ATG +0,(1)
~. i+ dy. 1
<logm(¢’|M;) — %(logn — log(27)) + 5 log ]Ej\). (D.2)
Remark that ng’ A~'g# < XZ—(pj+d > V4, so that ng A71gt = O,(1). Suppose first that
vj

(pe +dy, > p; +dy,), VL # j. Since —ngt A71g < 0 for every E, we lower bound (D.2) as

P (rggxlogm(rcm;Me) < logm(21:n; M; )) > P( AT 4 0,(1)
J

< logn [minﬁ?ﬁj (pf + dw) Z d’Uj B man;ﬁj (pé + dvz) —DPj — d'Uj) 10g(27’(’)
2 2logn
1 (V| My) [ (7| M 1
o /P L (i g )
logn 2logn
Mgl n 1~ ming;(pe + dy,) — pj — do, _
= P( 5934 AT+ 0,(1) < logn d 22 ? + O, ((logn) 1)] ) (D.3)
~7, —71,

Because Z,, = O,(1) (and is asymptotically positive) and ZZ,, is strictly positive as n — oo
(since (p¢ + dy,) > (p; +dy,), V€ # j) and converges to +oo, then the probability converges

to 1. This proves one direction of the statement.
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To prove the second direction of the statement, suppose that lim,,_,o, P(max,.; logm(z.,; My) <
log m(z1.,; M;)) = 1 and consider the following upper bound (which follows from (D.2) and
the fact that ng' A='gt > 0, Vn):

P (I?EXIOgm(xlm Mf) < 1Ogm(x1:n; M]))
J

< P (logm(z1.0; My) < logm(z1.,; M;)), VUl £ g

Top A 1~ (p+dv)_(p€+dv) 1 .
< _"~A 1~A J i 0
< P( 5 i Ay, —i—op(l)—i-logn[ 5 +0, Tog } <O>7 Ve # .

(D.4)

Because the probability in the first line of (D.4) converges to 1 as n — oo then, necessarily,

the probability in the last line of (D.4) converges to 1 which is possible only if (p; + d,;) <

i+dy)— dy . . . . ~A' ~ .
(pe+d,,) because logn s ’)2 Petdd)] s the dominating term since —2g;" A~'g;* < 0 and it

remains bounded as n — oo. Since the first inequality in (D.4) holds V¢ # j then convergence
to 1 of the probability in the last line of (D.4) is possible only if (p; + du,) < (pe + dy,),
Ve # j.

O

D.2 Proof of Theorem 3.2

We can write log p(z1.,|¢% M;) = —nlogn + nlog E(W). Then, we have:

P (log m(x1n; M) > maxlog (L1 Me)) = P(ﬂ log L) +log (12| M;) —log 7 (12|10, M;)
J
> max(n log L(6¢) + log m(u£| Me) — log (¢ 21, Mo)] )

]
L(d) L(!)
L(y2) L(yf)

= P<n log L(17) 4 nlog + B, > max [n log L(1%) + By + nlog D (D.5)
where Y/, B, = logm(¢t|M,) — logm(¢8|71.0, My) and B, = O,(1) under the assump-
tions of Theorem 2.2. By definition of dQ*(v) in Section 2.3 we have that: log L(¢f) =
BP[log dQ* (1) /dP) = —EPlog dP/dQ*(4)] = — K (P|[Q(4)). Remark that E[log(dP/dQ"(12))] >
E”[log(dP/dQ*(1}))] means that the KL divergence between P and Q*(v!), is smaller for
model M; than for model Ms, where Q* (%) minimizes the KL divergence between Q € Py

and P for ¢ € {1,2} (notice the inversion of the two probabilities).
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First, suppose that min,z; E [log (dP/dQ*(¢}))] > E” [log (dP/dQ*(¢?))]. By (D.5):
p (logm(:cm; M;) > maxlogm(zyn; Me)) >
L(¥)) L(v?)

P | log ——=% —maxlo
Sy B L)

1 .
—(B; — max By) > maxlog L(¢¢) —log L) | . (D.6
+ —(Bj — maxBy) > maxlog L(1),) —log L(¢5) | - (D.6)

-

=T,

This probability converges to 1 because Z,, = K (P||Q*(¢?)) — mingz; K(P||Q*(x%)) < 0 by
assumption, and [log E(@//) — log L(W)} 20, for every ¢ € U and every ¢ € {1,2} by
Lemma D.3 below.

To prove the second direction of the statement, suppose that lim,,_,., P(logm(xy.,; M;) >
maxyz; log m(x1.,; M) = 1. By (D.5) it holds, V¢ # j

P (log m( 1.5 Mj) > 1122?{ log m(x1.p; Mg)) <
J

L()
L(v)

Convergence to 1 of the left hand side implies convergence to 1 of the right hand side which

BTl L

P(l L(v2) 1 L(vs) + %(Bj — By) > log

). (D.7)

is possible only if log L(¢Y) — log L(¢)?) < 0. Since this is true for every model ¢, then this
implies that K (P||Q*(11)) < ming; K(P||Q*(1¢)) which concludes the proof.

D.3 Proof of Corollary 3.1

We can write log p(z1.,]1%; M;) = —nlogn + nlog E(wz) Moreover, denote by S, :=
{j; M; does not satisfy Assumption 1} the set of indices of the models that are misspecified
and by S¢, its complement in {1,2,...,J}.
First, suppose that lim,_,o, P (logm(x1.,; M) > max;z logm(z1.,; M;)) = 1. Then, be-
cause max;; log m(z.,; M;) > max;zi;jese logm(w1,; M;),

J#1

P (log m(x1.,; My) > maxlog m(xq.,; M]))

§P<logm(az‘1;n;M1) >  max logm(mlm;]\/[j)> (D.8)
J#1;,jESE,
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which implies that the probability on the right hand side converges to 1 as n — oo. Then
by Theorem 3.1, we necessarily have (p1 +d,,) < (p; +d,,), Vj#1,j €Sy,
Next, suppose that (p1 +d,,) < (p; +dy,), ¥j # 1. Define the event

A::{ max logm(z1.,; M;) > max logm(xlm;Mj)}.

j#£1; €8¢, J#LjESm

Because all the models M; with j € S¢, have K(P||Q*(¢)) = 0 (because they are correctly
specified) then lim,,_,o, P(A) = 1 by Theorem 3.2. By the Law of Total Probability we can

write

P (1Ogm(x1:n;Ml) > mjlxlogm(xln,M])) = P(logm(xln,Ml) >
J

A)P(A) + P (log m(xyn; My) > mjﬁlog m(x1.; M;)
J

AC> P(A°)

max log m(x1.,; M;)
i#1

> P (10gm(951;n;M1) > mjdegm(xlzn;Mj)
j

A) P(A)

J#LJESE,

=P (logm(mlm;Ml) >  max logm(a:lm;]\/[j)) P(A) (D.9)

which converges to 1 by Theorem 3.1.

D.4 Technical Lemmas

Lemma D.1. Let Assumptions 1, 5 and 6 hold for 1*. Then,

~ TN A v 1~
logp(xlmh//; M;) = —nlogn — ng A, 1924 +0, (1)

2
Xd* (pZ +dvg

5 +0,(1) (D.10)

= —nlogn —

where XZ—( ) denotes a chi square distribution with (d — (pe + d,,)) degrees of freedom.

p£+dv£

Proof. See Appendix F.

Lemma D.2. Let Assumptions 1, 2, 5, 6 and (2.15) hold for 1*. Then,

~ +d,
—log (P My) = — 2t D)

1
log n — log(2m)] + 3 log |X¢| + 0p(1).

17



Proof. See Appendix F.
O
Lemma D.3. Let M, be a misspecified model (that is, a model that does not satisfy Assump-
tion 1) and let g*(x,v") and ¥* be the corresponding moment functions and parameters.
Then, under Assumptions 5 (a)-(d), 3 and 7,
exp{AW) G (W)} exp{Ao (V) E" [ (&, 0]} |

sup |log — log — 0.

Plew! % Yoy exp{X(W)’gA(xi, )} EF [exp{ A (¢*) g (x,¢) }]

Proof. See Appendix F.

E Proof of Theorems C.1 and C.2

E.1 Proof of Theorem C.1

For a vector z and a scalar § > 0 we denote by B(z,d) the closed ball centred on z with
radius 9. In this proof we use standard notation in empirical process theory: P, := % Yoy O,
where §, is the Dirac measure at x, and G, f = /n(P,f — EFf) for every function f.
Moreover, we use Van der Vaart (2002, Theorem 6.16) which we report here for convenience

(in a slightly modified version):

Theorem E.1 (Theorem 6.16 in Van der Vaart (2002)). Let F,, be classes of measurable
functions (that may change with n) such that P(ﬁ € F.) — 1 and such that: (i) the
bracketing integral J;y(0,, Fr, Lo(P)) — 0, for every 6, | 0, and (i) its envelope functions
satisfy the Lindeberg condition. If EP[(]?H — f0)?] = 0 in probability for some fo € Lo(P)
then Gy (fn — fo) 5 0.

The maps @ + l, y, () and © + 1, . 4n//m(2) are random functions, that is, measurable
functions that, for a fixed z, are functions of the observations x, ..., x,. By writing P, [l,, ;]
and EF[l,, 4,] we mean the (empirical and true) expectations of the function z + I, 4, ()
with (21,...,2,) kept fixed (and similarly for [, ;, 1,/ /n(2)). Denote by L. () and [, 4. ()
the first and second order derivatives of the function ¢ +— [, ,(x) evaluated at ¢, (where we

leave implicit the argument z).
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A second order Taylor expansion of [,, 15,5 around h = 0, for a fixed x, gives

B 1 .
lnﬂbo-ﬁ-h/\/ﬁ = ln,wo + %ln7'¢'o + %h/lnﬂboh + Rem. (E]_)

By continuity of the map ¢ ~ [, ,, (which is valid under Assumption 5 (¢) and by the Birge’s
maximum theorem and strict convexity of P, exp{Ng*(z,1)}), the reminder term Rem is
of order o,(||h||?/n) since Iy, = Ln.p, + 0,(1) and £, = O,(1) under Assumptions 7 and
8 (see Schennach (2007, proof of Theorem 10)).

We consider the empirical process

Gy <\/ﬁ(ln,wo+h/ﬁ —lny.) — h'in,wo>

=1 Py (Lo sn/vin — lne) — E” (Lyyoin i = ) — WGuiny, (BE.2)

where, according to the definition of random functions given just above:
Pn[lnvwo] = - Z /\ l’z, ) log P, [ex(wo)/gA(xjva)] 7
and E’[l,.] = E° P(m)'gﬂx, )| log B, [ Ao

(and similarly for the other functions). The Markov’s inequality and (E.1) imply that

G, ( h'snwoh) + oy ([1H]1)

(’G ( Mot/ = ) = hlzn,wo)‘ )< 7EP

that converges to zero since £, 4, = O,(1) under Assumptions 7 and 8. This shows that
the sequence G, (\/ﬁ(lnﬂpﬁh/ﬁ — o) — h’l.mwo) (seen as a stochastic process indexed by
h) converges in probability and then (marginally) in distribution to zero. Next, we have
to make this result uniform in h, that is, we have to show that the sequence of processes
G, (\/ﬁ(ln,wﬁh/ﬁ — ) — h/in,zbo) converges weakly in the space [*°(h; h € K) for a com-
pact set K C RP. To show this we intend to apply Theorem E.1 given above. The proof
consists of three steps where each step verifies the assumptions of Theorem E.1.

In the first step, we verify (i) in Theorem E.1 and we define a suitable class of func-
tions that changes with the sample size n. Denote 7,(\, ¥) := P, [ex(’”)'gA(“}’w)], T\ o) 1=

EP |eM®e)a*(X¥0) | and consider the class of functions

19



Fipym = {)\/19‘4(95,7/J)—X29A(5U>%)—10{%(7'1/7'2); T EB (7-<)\177/})7 %) ; A1 € B(As(v), 1/\/5)3

1 1
€ B (700 00), 7= ) i da € BOW(o), 1/V): 16— ol < —=}. (B3
n e B (r0u) 72 ) e € B VA o - el < =) (B3
By Lemma E.1, the bracketing integral Jjj(d,, v/nFi, m, L2(P)) of the class \/nFy, m con-
verges to zero as 0, — 0. This satisfies assumption (i) of Theorem E.1.

The second step of the proof consists in finding an envelope function for the class \/nFi, sz
and in showing that it satisfies the Lindeberg condition (this is assumption (i) in Theorem

E.1). Lemma E.2 shows that [, (z) is an envelope function for the class F,, s, where

1 1
Fan(e) i= = (Cunble) 4 Canllg (o 00l + 5 —Co

where b(x) is the function defined in Assumption 8 (¢) and C;,, > 0, i = 1,...,4 are

sequences of positive and bounded constants that depend on v, and A.(,). It follows that
Vs (x) is an envelope function for the class \/nFi, 5. The function /nFy,(x) satisfies
the Lindeberg condition if:

nET[F,(X)?Y] < oo
nE” [Fy,(X)*H{y/nF,(X) > ey/n}] — 0, for every £ > 0.

Under Assumption 8 (¢), nE[Fy,,(X)?] < oo holds true. The second Lindeberg condition is
easily satisfied since nE” [Fy,,(X)21{\/nFs,,(X) > e\/n}] < ny/EF [Fy,(X)4\/P (Fon > €)
which converges to zero for every € > 0 because P (Fy, >¢) — 0 as n — oo and, under
Assumption 8 (¢), BY [F}, (X)] = O(1).

Finally, we verify the last requirement of Theorem E.1. Remark that under Assumption

8 (¢)

EP (1l .2 = B (1S5, 0 1] + o [1]) < o0 (E4)

because EXtr (L4, Q;L’wo) can be shown to be bounded under Assumption 8 (¢) by following
the last part of the proof of Schennach (2007, Theorem 10). Moreover, by a first order Taylor
expansion of l,, 4,/ /m around h, by continuity of the map v + I, ;,, Assumption 6 (b) and
(E.4), we have: E” [\/ﬁ (Lo tnym — lnws) — h‘/l.n;'l/}oi|2 = o(1). Therefore, by Theorem E.1
we conclude that

Gn <\/5(ln,wo+h/\/ﬁ — lny,) — hlin,wo> =0
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uniformly in h over a bounded set. Hence, by rewriting this as in (E.2) we see that

n

D nwesnin = ) (@) = Gl by, = nE (L ysny i = ns) = 0p(1). (E.5)

=1

By using (E.1) we obtain:

_Gnh/jn,zpo_nEP(ln,wo+h/\/ﬁ_ln,wo) = —\/ﬁpnh/l‘mwo—i—\/ﬁEPh/l'n,%—nEP(ln7¢O+h/\/ﬁ—ln7wo)
. . . 1 .
= —/nP, Wy, + VIEF [N, 0] — VRE W, 4] — 5h’EP[ln,wo}h + 0,(1)

. 1 .
= —/nP, Ry, — 5h’El"[zn,%]h +0,(1) (E.6)

and by replacing this in (E.5) we get:

n

1 <, 1 .
> ngorsnysis = b)) — 7 ; Wl (i) — §h/EP[ln,wo]h = 0p(1). (E.7)

i=1

Because the 0,(1) is uniform in h, this establishes (C.16) with Vi, = —EP[£,, . ] and A, ,, =
Zl V. Sn o (1) if Vi, is nonsingular since 1, y, = £, +0,(1) and I, 5, = £, +0,(1).

O

Lemma E.1. Denote Tn(X, ) =P, |:e/):(¢)’gA(x,w)i| , T(j\ Y) =EF [ AW)'g* (X, w)} and consider
the class of functions F, 5 defined in (E.3) where A, and v, are as defined in (2.16). Under
Assumptions 5 (a)-(d), 3, 7 (a), (c), and 8, the bracketing integral Jjj(0n, /nF1) /m, Lo(P))
of the class \/nJFy, s converges to zero as 6, — 0:

On
I (8, V/IF ) yis La(P)) :/ \/logNH(gﬂFHp’Q,\/ﬁfl/\/ﬁ,Lg(P))de—>O (E.8)
0

as 0, — 0.
Proof. The class F;, s is indexed by a compact subset B := B <T()\1, W), \%) X B(Ao (1), \/Lﬁ) X
B <7’()\2,77/JO), \%) X B(Ao (1), \/iﬁ) X B(1)o, \/%7) C Rp+&o 242 Theorem 10 in Schennach

(2007), which is valid under Assumptions 5 (a)-(¢), 7 (b)-(c) and 8 (a)-(c), shows that
Tn(/):, ) B 7'(/)\\, 1Y) and X(w) 2 Xo(¥) at the rate 1/y/n, hence we can write 7,(1)) €
B(r(\w),¢),1/v/n) and A(¥) € B(Ao(¥),1/+/n) with probability approaching 1. There-
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fore, P (ln7wo+h/\/ﬁ — by, € ]-"1/\/7;) — 1. For every fo, fy € Fi/ym:

| fa(z) = folz)| =
(X ag™ (@, 00a) = Ny og™ (2, 106) — 10g(T1,.0/Taa) = N pg™ (2, 00) 4+ Ny pg™ (2, 00) + log(716/720)|
< Al 19 (2, 0a) = g (2, )1l + 1A1a = Msll g™ (2, 00) || + [[A2ia — A2l lg™ (2, 0) |

— |log 11,4 — log 71| + | log 2, — log 7o |

The following results hold by compactness of B® and continuity of ¢ +— g¢*(x,) (under
Assumption 5 (¢)): (i) ||M.a]| < C for a generic constant C' > 0 since |\ (¢)| < oo; (i)
9% (2, th0) — g ()| < (199 (. 50| [ha — ] for some 7 om the line joining ¢, and ¥,
by the Mean Value theorem; (iii) ||A1a — A1p]| < 2/4/n because Ay 4, Ay € B(Ao(¥), 1/4/1);
() |log T, —logTis| < |74 — T1p|/T1 for some 7; > 0 between 71, and 71, by the Mean

Value Theorem (and similarly for |log 7, —log 7a4|). By using all these results:

fole) = fu@)| < [Cl0g* (@, 9)/0%] +2 (lg” (o, )l + g™ (@ )l + 71" +757)]
1 1

< [(C+2/vn)b(x) +2 ([|g* (@, o) | + 71" +751)] NG =: F(x)\/ﬁ

where the second inequality follows by the Mean Value Theorem applied to ||g*(x,,)|| and
Assumption 8 (c) that implies that ||0g*(x, 1) /0| < b(z) for every ¥ € B(ws,1/y/n).
Remark that under Assumptions 5 (d) and 8 (¢):

EF[F(2)%] < 2(C +2/vn)*EX [b(X)?] + 16E||g” (z, 1. )||* + 16(F;* + 75 1) < co.

Therefore, by example 19.7 in Van der Vaart (1998), there exists a constant K independent
of € and n such that the bracketing numbers of the class of functions F, 5 satisty

1
O<e< —

Jn

ptdy+2d+2
diamB )
)

1F M P2, Fi/vms L2(P)) <K ( -
e

where Lo(P) denotes the Ly space of square integrable functions with respect to P and || || p2

=~ ptdy+2d+-2
denotes the norm in this space. Remark that diamB = 2/y/n so that <dwm3)

n

(2/)P 4242 Then, the bracketing numbers of the class of functions \/nJF, //n Satisty

1
NIl ViFym La(P) < K (/P 45942, 0<e< oo (B9
n
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Let us compute the bracketing integral of the class \/nJF; N

(Sn
Jy(Gns Fy i La(P)) = / V102 N (EllF L2, v/ Fy i, Lo(P))de
0

< / \/logK +log (2/e)P T2 20e 50 as b, = 0

where the last inequality follows from (E.9) and proves the lemma.
O

Lemma E.2. Denote Tn(/):a V) =P, [ Aw)'s A(M’] ( Vo) = [exw")/gA(X’%)] and con-
sider the class of functions F, s defined in (E.3) where A\, and v, are as defined in (2.16).
Under Assumptions 5 (a)-(c), 3, 7, and 8, the function

1
vn '

is an envelope function for the class F, s, where b(x) is the function defined in Assumption

Fyp(x) =

(Cl,nb(:c) + Conllg™ (@, 00|

8 (c) and C;,, > 0,i=1,...,4 are sequences of positive and bounded constants that depend
on Yo and N (1s).

Proof. First, remark that every f € Fj, s satisfies

[f(x)l < sup sup  [[Alllg” (@, ) — g7 (2,0
=t | <n=1/2 XEB (Ao ($),1/v/)

n — 7

+  sup sup sup 1A = Rallllg™ (a, wo) | + (E.10)

[¥=toll<n=1/2 Mi€B(Xo(¥),1/v/n) A2€B(Xo(0),1/v/n)

for m € B(r(A,v),1/y/n), m B(1(A2,15),1/4/n), A1 € B(XA(¥),1/4/n) and Ay €
B(X\o(15),1/+/n) since log mo/m < (7'2 — 711)/71. Next, we bound each of these terms sepa-
rately.

Let supjy_y. j<n-1/2 SUP e B (1).1/vm) 1Al =0 C1n < 00, Remark that by the implicit
function theorem for vector valued functions applied to the first order condition for A, the
function ¥ — A.(¢) is continuously differentiable in a neighborhood of .. Therefore, for
every A1 € B(A(¢),1/y/n), Ay € B(Ao(10s),1/+y/n) with ¢ € B(1,,1/+/n), by the triangular
inequality and the continuity of A, there exists a NV such that Vn > N

A= Aafl < []Ar = A (@) + [1Ao(92) = Ao (o)l + [[A2 = Ao (¢06)
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2
o
1
— |2
= VU s, 15) -

where the second inequality follows from the Mean Value theorem with 1) being on the line
joining ¢ and 1,. Remark that Cy,, is a sequence of positive and bounded constants which

depends on 1),. By similar arguments we have that for every 7 € B (7'()\1, V), \%) and 75 €

B <T(A2,¢O), %ﬁ) with A1 € BOw(¥),1/Vn), Ae € BOo(), 1/y/A) and ¥ € B, 1/4/7):

71— 7| < |1 — 7L )|+ 7ML Y) — T2, ¥o)| + |72 — T(Aay o)
Dg* (X, )
TH] [ — 4o |

+ B[N V) gA X ) ][ A = Aol

2+Cln
=V m

< +EP | M9 50\

S

EP

sup sup e’\llgA(X’wb(X)
[ —1oll<1/v/n A1 EB(Ao(¥),1/v/n)

+E”

sup sup sup sup N9t (X WYo)p(X)
t€(0,1) pEB(¢o,1/v/n) M EB(Xo(9),1/v/n) A2€B(Ao(¥o),1/+/n)

= ﬁC&n
where 9 is between 1) and 1o, A = tA; + (1—t)Ag, t € (0,1) and Cj,, is a sequence of positive
and bounded constants by Assumption 8 (¢) which depends on v, and A,. Therefore, by
this result and since log 7o /7 < (7o — 71)/71, 71 is uniformly bounded away from zero over a
compact set: |log /7| < ngvn for some strictly positive constant 0 < Cy,, < oo that
lower bounds 75 uniformly. Therefore, by replacing everything in (E.10) we get, V.f € Fy/

C3n

7@ < C, o

~ 1
99" 0)/00 e = vl + = Conllg* (@, )l +
1

< (cl,nb@c) + Collg (1, 00)

~Can) = Funla)

where in the last inequality we have used Assumption 8 (¢) that holds for every ¢ in

B(¢s,1/y/n). Therefore, I, ,(x) is an envelope function for the class 7y, 5 and this con-
cludes the proof.
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E.2 Proof of Theorem C.2

Define the events Ay 1 := {supyepe + > iy (ln(25) = by, (2:)) < —CM?/n} and
P(x1n|Y) oMz
Ano =4 | B npyd(y) > e CM2
: {/ Pl M)
By (C.17), P(45,;) — 0 and by Lemma E.3 below, P(Aj,,) — 0. Therefore,

EP [77 (\/5”7# - 1/)*|| > Mn‘ xl:n)} < EP [77 (\/E||¢ - Qﬁ*” > Mn‘ xl:n) } An,l N An,ﬂ

X P(Ap,1NA,2) +0o(1)

f p(z1:n]1) 7 (1) dy ]
- £Fn§giﬂzfn@®d¢;'AnerAn; P(An1 M0 Anz) +o(1)
U p(Z1:n ) i
< eiCM?QLW(\I/fL)EP Mﬂ(’l/})dw An,l N An,Q P(An,l N An,2) + 0(1>
N p(l‘1n|¢*)

< e OMEOME 2 (W) P(Apy N Apa) 4+ 0(1) = o(1) (E.11)

which proves the result of the theorem.
O

Lemma E.3. Assume that the stochastic LAN expansion (C.16) holds for 1, defined in
(2.16) and that Assumptions 2 (a), 3, 4 and 8 are satisfied. Then,

PlErald) .
P(Lp%ﬂ%)www<”>%o (E.12)

for every sequence a,, — 0.

Proof. For a given M > 0 define € = {h € R®*? : |h|| < M}. Denote by h +— Rem(h) the
remaining term in (C.16) and remark that sup,.s Rem(h) 2 0 by (C.16) and compactness
of €. Therefore, for a sequence k, that converges to zero slowly enough, the event B, :=
{sup,ce Rem(h) < k,} has probability P(B,) — 1. Let K,, — co. By considering the local
parameter h = /n(y) — 1,) and by denoting by 7" both its prior distribution and prior
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Lebesgue density (under Assumption 2 (a)), we upper bound the probability in (E.12) as

follows:
P(E1alt) k2 P10 + h//A) e
P<L“%“%me¢<e >§P<L Pt S )
- <{/ A OLUS e_K%} n Bn) +o,(1). (E.13)
¢

By replacing the LAN expansion (C.16) and by noting that for n sufficiently large, x,, < %Kﬁ
< MA||Vy, || € kn < SKZ (since M2(|Vy,

denotes the operator norm) we obtain:

p(-flan) —-K2 Vg, A —h ey
P(LHEWB“WW<6K)SP<LG¢ s Q+%a>

=P (/ Voo Bnwo ph (h|&)dh < e_log”}L(G)e_3K%/4> + 0,(1)

on B, and supy,ce M'Vy, h < suppee ||| Vi has

the same order as Rem(h) and where ||V,

¢

¢

<P (exp {/h’VwoAnywowh(hM)dh} < 6K5/86_3K5/4) +0,(1)

<P (/ WV Ay, 7™ (h|€)dR < —5K5/8> + 0,(1)

¢

64
< EF (W'Vy, A )2 7 (h|€)dh | 4 0,(1) = 0 (E.14)
25 K4 . ’

where in the third line we have used that, for n large enough, —logn"(€) < K?2/8 and
the Jensen’s inequality. In the last line we have used the Markov’s inequality and then the

Jensen’s inequality. The result follows by (E.4) and Assumption 4.

F Proof of the technical Lemmas for the proof of Theo-
rems 3.1-3.2

For a vector z and a scalar § > 0 we denote by B(z,0) the closed ball centred on z
with radius 6. When the Mean Value theorem is applied to a vector of functions it must be

understood that it is applied componentwise.

26



F.1 Proof of Lemma D.1

Let us consider the expression for the likelihood given in (2.6)-(2.9) and evaluated at ¢*:

N LN ~ 1~ 57y Ag. o0
1 U5 M) = —nl AU g (25, 0°) — nlog =) W97 @vD - (F ]
0g p(x1:n|1h"; My) nlogn + ;1 (v°) g (i, ¥") nogn;le (F.1)

To shorten notation, in the rest of this proof we eliminate the superscripts and subscripts
and just write: g, @Z instead of g4 and W.

Let A be on the line joining 0 and X(@), then a second order Taylor expansion around

o~

A =0 gives
1 i M) g(z; 12) 1+ l iX(QZ)/g (x qZ)
n J:1 n p (2
1/\/\177, Nalzs. b > N
+ 5)\( )/E Ze’\ 9(@5:%) g (9@-,1#) g (xj;¢> AW). (F.2)

Under Assumption 5 and because A = O,(n""2) = 0,(n~¢) for any ¢ < 1/2 (since by

Newey and Smith (2004, Lemma A.2) A(¢)) = O,(n~"/?) = 0,(n~¢) for any ¢ < 1/2 and A
is between 0 and X(@)) we can apply Newey and Smith (2004, Lemma A.1) that implies:

maxi<j<p |5\’g(xi, zZ)| 2 0. Therefore, Maxi<j<n —eNg(@id) 4 1‘ 2 0 which in turn implies:

]. " 3/ > -~ ~\/
— Z eN9@iv) g <xj,w> g (xj, w) A (F.3)
n
By replacing this in (F.2) we obtain:
1 <~ 55y b I N L~ o —
- S W) =1 4 - > M@y <a: w) + §A(¢)’m(¢) +o,(n7h). (F.4)
=1 i=1

We now use the first order Taylor expansion of the function log(u) around u = 1: log(u) =

u— 14 o(Ju — 1]), and plug (F.4) in it to obtain:




In order to simplify (F.5) further and to find the rate of the last term in the right hand side

of (F.5) we approximate g(¢) := £ 37" g(;,¢) as follows:

T n

n

90 =306+ = 30 2TV G )y of((F - )l

=
=G() + Tu(¥ — ) + 0p(n7'/?)
=§(v.) = TeHG(h,) + 0p(n1/?) (F.7)
== AA(D) +0p(n 1) (E8)

where to get (F.7) we have used the fact that, under Assumptions 1, 5 and 6: \/n <@/ZJ\ — ¢*> =
—H\/ng(¢.) + 0,(1) with H := (I[,A,;'T,)7'T}A,; " (see Schennach (2007, Proof of Theorem
3)) and to get (F.6) we have used the fact that ||+ Y% %jﬁb*) — Ty = Oy(n~'/?) under
Assumption 6 (b) by the Markov’s inequality. Finally, (F.8) is obtained by using the fact
that I — I'yH = Ay®, where &, := Ag_l — AE_IF@EZF}AZl and ¥, = (F@AZIFZ)A, and that,
under Assumptions 1, 5 and 6, /A (V) = —®p/ng(1h,) + 0,(1) (see Schennach (2007, Proof
of Theorem 3)). By substituting this result in (F.4) we obtain:

2
= O,(n™'). By replacing this result and (F.8) in (F.5) we

~ o~

which is O,(n™!) since H)\(i/i)

obtain:

1n KN 7 N~ T 1/\’\, A~ T _
log (5 > e 9‘”“”) = A©)G(W) + 59V A G) + 0p (n77) (F.9)

Jj=1

Next, we replace (F.9) in (F.1) to get:

3

log p(1.al 5 My) = —nlogn + 3 MDY g(wi, ) = > A@)g (1, )

=1 i=1

1. L~
oGV ATGD) + 0, (1)
2
— nlogn— d‘“’;*d”) +o,(1) (F.10)
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where the last equality follows from standard arguments as in Hansen (1982) that show that
RGO ATGD) = s )

F.2 Proof of Lemma D.2

Result (2.15) and consistency of the ETEL estimator ot (which is guaranteed under
Assumptions 1, 5 and 6, see Schennach (2007, Theorem 3)) implies that the posterior
(| 210 My) of 9% converges in total variation towards a N J¢n-1x, distribution, where
Yo = (FQ,A‘ID)A. Hence, the negative logarithm of the posterior density evaluated at W is

(pe + dy) [
2

—~ 1
—log ’/T(we‘afl;n; M) = — logn — log(2m)] + 5 log [3¢] + 0,(1).

F.3 Proof of Lemma D.3

In the proof we eliminate the superscript ¢ for simplicity. The proof proceeds in two
steps. In the first step we show uniform convergence of §*(¢) and X(zﬁ) By the uniform
strong Law of Large Numbers, which is valid under Assumptions 5 (a)-(b) and 7 (a) (see
e.g. Newey and McFadden (1994, Lemma 2.4)), it holds:

sup 15 () — EP[g" (2, 9)]|| = 0. (F.11)

Let A(¢)) = arg Miny e (y) % S exp{Ng?(z;,¢)}. Schennach (2007, page 668) shows that
Supyey [[A(1) = Xo(¥)]] 2 0 (under Assumptions 5 (a)-(b) and 7). Moreover, if A(¢)) lies in the
interior of A(¢) then the minimum of £ 3" | exp{X¢*(z;,¢)} is unique by strict convexity of
the latter function. As X(¢)) 5 A (¢) uniformly in ¢ € ¥ and A\, (¢)) € int(A(¢))) by Assump-
tion 7 (b), it follows that /):(@D) — X)) B 0 as n — oo. By continuity of both () and /)\\(@D)
in (1) (due to the Birge’s maximum theorem and strict convexity of £ 3" | exp{Ng*(z;,¥)}

in A) and compactness of ¥ we conclude that

sup [A(¥) — Ao(1)]| % 0. (F.12)
Pew

29



In the second step of the proof, we use the results of the first step to show the result of the

—

lemma. By the triangular inequality and the Cauchy-Schwartz inequality
| exp{A(¥)'5* (¥)} loe P E (g (z, )]
vev | OIS oM@y gr @ v)) B ey et(z, v)}]
< sup [A@) = Aw)ll sup 7" ()]
el pew

—

+sup [|A() | sup [[§4(¥) — E"[g" (, 9)]]|
Ppew Ppew

+sup [[A(¥) = Ao ()| sup [|E"[g" (, 4)]]|
HeET pev

+sup [log = Zexp{mb)’g"‘(xi,zb)} —log E” [exp{Ao(w)’gA(x,@b)}]'

Ppew i1

=. ./41 + ./42 + ./43 + A4. (F13)

By continuity of ¢ — (1) and compactness of ¥ and of A(¢) for all ¢ € W: sup,eq [[A(¥)] <
co. By Assumption 7 (b): supycy [|[E”[g(z, ¥)]|| < EF[M(z)] < 0o and sup,cy |94 ()] <
oo (by using (F.11)). Therefore, A; 2 0 for i = 1,2,3 by (F.11) and (F.12).

In order to show the convergence to zero of A4, remark that because log(a) < a —1 for every

a > 0, then,

e [P e B e )} — B () (X 0]
e B fexp () g (X, &)}

which converges to zero by the result in Lemma F.1 below.
O

Lemma F.1. Let M, be a misspecified model (that is, a model that does not satisfy Assump-
tion 1) and let g*(x,v") and ¥* be the corresponding moment functions and parameters.
Then, under Assumptions 5 (a)-(d), 3, and 7:

sup |~ Zexp{A i)} — B [exp{Ae(¥) g (X, 9)}] | = 0.

el [T

Proof. In this proof, let A,, denote the following event: A, := {sup,cy ”/)\\(iﬂ) =X ()| < n},
for a §,, > 0 converging to zero as n — oo, and let B(\s,d,,) be the closed ball around A, (1))
with radius §,. Then, under Assumption 7 (b) there exists an N > 0 such that Vn > N:
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~

A(¢) € A(¢)) on the event A,,.

Next, we prove the intermediate result

sup 1 S eNoten) _gP [eA’gA(XW] 0. (F.14)
CON R

PpeW,AeA

Consider the class of functions (on X) F := {exp{Ng?(-,¥)}; A € A(¢), ¢ € ¥}. Since: (I)
the function (A, %) — exp{\Ng*(x,1)} is continuous for P-almost all x (under Assumption
5 (¢)); (II) ¥ is compact and A(v) is compact for every ¢ € ¥ (by Assumptions 5 (b) and
7 (b)); (IIT) the envelope of F, sup,ey reay) €xp{Ng*(z,¢)} is in L (P) (by Assumption 7
(c)), then (F.14) holds (see van de Geer (2010, Lemma 3.10, page 38)).

With this result, and the fact that P(AS) = o(1) by (F.12), we are now ready to show the
result of the lemma. Let h(}, 1)) := E£ [ex(w)lgA(X”ﬁ)], where E{[-] denotes the expectation
taken with respect to the distribution of X only (so, we do not integrate out /):) Moreover,
let n > 0 and denote by B, the event B, := {sup,cy )h(x, ) — EP [6A°(w)/gA(X’w)] ’ <n/2}.
To upper bound P(B¢) we use the Markov’s inequality and the Mean value theorem applied
to the function h(+, 1) which is defined on B(\,(),d,) on the event A,:

P(By) = P(B,|An) P(An) + P(B,| A7) P(A7)

< %EP <zlég ‘E§ |:e{5\(¢)/gf“(X,w)}gA()(7 w)l:| (X(Q/}) B Ao@b))‘ ’ An) P(An) + P(AZ)

2577, 3 ’
o (Y e e

‘)21An>)1/2+0(1) (F.15)

where \(¢) is on the line joining /):(@D) and A\,(7) and 14, is the indicator function of the
event A,. By applying the Cauchy-Schwartz inequality we get

2
)

<E” <sup EY [62?\(7#)’9“‘()(@)} 1An) sup E” || g7 (X, ;D)”?. (F.16)
pew Yev

e oenia

The first term in the product in the right hand side is bounded by uniform convergence of
A(¥) towards Ao (1) on A, uniform continuity of the function ¢ — e¥9" ) on B(A\, (1)), 25,,) %

U, Assumption 7 (¢) and by the Dominated Convergence theorem. The second term in the
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product is bounded by Assumption 5 (d) because
sup B (X, o) < B [sup | CC )| < B fswp o (X ] . va>2
pew PYEW YET

Therefore, (F.15) and (F.16) and the fact that 6, — 0 show that P(BS) = o(1).

Next,
P sup |t S AW e e _gp [exo(w A(M)} o0 <
yev |1 =1

ZeW’ o) — h(X, )

- sup (R, ) — B [eoraero] \)

Ppew

1 Z AWV @) _ (X )
n

> — g) P(B,) + P(B:)

An> P(A,)P(B,) + P(A;)P(B,) + P(B;)

Z )\/ A EP |: )\/ A(X,’L/J)]

<P sup > 1 +o(1) (F.17)
YEWNEA (D) 2

where to get the last line we have used the fact that the probability is conditional on the

event A, and P(AS) = o(1). Finally, this probability goes to zero by (F.14).
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